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Abstract 

We study the supersymmetry U q (sl(M + 1\N + 1)) analogue of the supersymmetric t-J model 
with a boundary, in the framework of the algebraic analysis method. We diagonalize the commuting 
transfer matrix by using the bosonization of the vertex operator associated with the quantum affine 
supersymmetry. 



1 Introduction 

There have been many developments in the exactly solvable models. Various methods were invented to 
solve models. The algebraic analysis method 1 provides a powerful method to study exactly solvable 
models. This paper is devoted to the algebraic analysis method to open boundary problem of exactly 
solvable model. In this paper we study the quantum supersymmetry U q (sl(M + 1\N +1)) analogue of the 
supersymmetric t-J model with a boundary, where M, N = 0, 1, 2, • • • such that M ^ N. The supersym- 
metric t-J model was proposed in an attempt to understand high-temperature superconductivity. In the 
framework of the quantum inverse scattering method [2 S], the investigations of the supersymmetric t-J 
model and its U q (sl(M+l\N+l)) analogue have been carried out in several papers [7j l8j HU 1 ITT | U2 l IT3 j H4] . 
In the framework of the algebraic analysis method [HUE], the U q (sl(M + 1\N + 1)) chain "without bound- 
aries" has been studied in few papers |15[ I16[ 117) . In this paper we focus our attention on the boundary 
condition of the exactly solvable model. We study the supersymmetry U q (sl(M + 1\N + 1)) chain "with 
a boundary" in the framework of the algebraic analysis method [TJ [23] . We diagonalize the commuting 
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transfer matrix of the supersymmetry U q (sl(M + l|iV+ 1)) chain with a boundary. Several solvable mod- 
els with a boundary have been studied by means of algebraic analysis method [Ml [Ml [Ml [Ml HZ1 [Ml 1M] • 
Here we would like to draw reader's attention to new technical aspect in our problem. Generally speak- 
ing, in the algebraic analysis method, the transfer matrix Tg(z) of the solvable model with a boundary 
is written by the product of the vertex operators &j(z) and <F,(z) associated with the quantum affine 
symmetry 

M+N+2 

Here K^' is the matrix element of the boundary if-matrix. The key of solving the problem is the 
bosonization of the boundary state (i)(B\ that satisfies the following condition 

{l) (B\T^(z) = {t) (B\. 

By using the bosonizations of the vertex operators, we construct the boundary state u)(B\. Our cal- 
culations depend heavily on the bosonization formulae of the vertex operators. For solvable models 
that are governed by the quantum symmetry U q (sl(N)), U q (A\ ') or the elliptic symmetry U qiP (sl(N)) 
[2"5l [231 [Ml [Ml [Ml 1M| > the bosonizations of the vertex operators are realized by " monomial" . However the 
bosonizations of the vertex operators for the quantum supersymmetry U q (sl(M + 1\N + 1)) are realized 
by "sum". For instance the bosonizations of the vertex operators &M+i+j( z ) (j = 1, 2, • • • , N + 1) are 
written by the sum J^ ei £2 ... c . as followings (see (|4.73I) V 



M+j , 

ClWk 



e^ q i-\ q - q -^{ qZ )^J{e k Xl f 

,-,e,-=± k=l k=l J Cm+i +j 
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2lTy/— lWk 



M j-l 

- qw k /w k +i)(l - qw k+1 /w k ) JJ(1- q tk w M +k/w M +k+i) 

k=0 k=l 

x Vo£q :(j>l{z)X-(qwi)---X M (qwM)X M+lii (qwM+i)---X M+j ^(qwM +] ) ■ Vo€o- 

Technically this is cool part of our problem. Surprisingly we shall conclude that the bosonization of the 
boundary state (i)(B\ is realized by " monomial" , though those of the vertex operator is realized by " sum" . 
The bosonization of the boundary state U){B\ is constructed by acting a monomial of exponential e G< 
on the highest weight vector (Am+i| € V* (Am+i) of the quantum supersymmetry U q (sl(M + 1\N + 1)). 
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[B\ = (A M+ i\e c 



Here G^' is quadratic in the bosonic operators (see (|5.5p ). We would like to give a comment on the earlier 
study in the framework of the algebraic analysis [29]. The supersymmetric t-J model with a boundary 
(the supersymmetry U q (sl(2\l)) chain with a boundary) was studied and the bosonization conjecture 
of the boundary state was given in [29] . However, their conjecture of the boundary state is different 
from our bosonization upon the special case of M = 1,N = 0. In this paper we give not only the 
bosonization formulae of the boundary state, but also give complete proof that the vector k\{B\ becomes 
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the eigenvector of the transfer matrix T^\z). In this paper we classify the boundary if- matrix and 
find a new solution that has three different diagonal elements (see (IB. lip ). Of-course we construct the 
boundary state associated with this new if-matrix. 

The text is organized as follows. In section 2 we introduce the supersymmetry U q (sl(M + 1\N + 1)) 
analogue of finite supersymmetric finite t-J model with double boundaries. We introduce the U q (sl(M + 
1 1 TV + 1)) analogue of semi-infinite t-J model as the limit of the finite chain. In section 3 we give 
mathematical formulation of the supersymmetry U q (sl(M + 1\N + 1)) chain with a boundary. This 
formulation is based on the representation theory of the quantum supersymmetry U q (sl(M + 1\N + 1)). 
This formulation is free from the difficulty of divergence. In section 4 we review the bosonizations of the 
vertex operators and give the integral representations of the vertex operators. In section 5 we give the 
bosonizations of the boundary state, that is the main result of this paper. We give complete proof of the 
bosonization of the boundary state. In appendix [X] we summarize the figures that we use in section [2j 
In appendix [B] we classify the diagonal solutions of the boundary Yang-Baxter equation associated with 
U q (sl(M +1\N + 1)). New solution is presented even for the small rank case U q (sl(2\l)). In appendix [Cl 
we summarize the normal orderings, that we use in section U and [51 

2 U q (si{M + 1\N + 1)) chain with a boundary 

In this section we introduce the U q (sl(M + 1\N + 1)) chain with a boundary. We fix a complex number 
< \q\ < 1 and two natural numbers M, N = 0, 1, 2, • • • such that M N. 

2.1 Finite U q (sl(M + 1\N + 1)) chain 

In this section we introduce the finite U q (sl(M + 1\N + 1)) chain with double boundaries. We follow the 
general scheme given by [HI [20l EU [14] . In what follows we use the standard notation of the g-integer 

a _ -a 

[a) q = <L_J_. (2.1) 
Let us introduce the signatures (i = 1, 2, • • • , M + N + 2) by 

V\ = V2 = ■ ■ ■ = VM+1 = +, = VM+3 = ■ ■ ■ = Vm+N+2 = — ■ (2.2) 

Let us set the vector space V = ®j^J[ N+2 Cvj. The Z 2 -grading of the basis {vj} of V is chosen to be 
h} = ^ 0' = l,2,-..,M + JV + 2). 



Definition 2.1 We set the R-matrix R{z) G End(^ig) V) associated with the quantum supersymmetry 
U q (si(M + 1\N + 1)) as followings Q 



M+N+2 



R{z)=r{z)R{z), R{z)v h ®Vfr= ^ v kl ® v k2 . (2.3) 

Here we have set 



fe 1 ,fc 2 =i 



-l (i<i<M + i), 

R ( z )i J i = < (a 2 -z) (2-4) 

' -7T T\ (M + 2<j< M + N + 2), 

(1-q z) 
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R{Z ^ = (l-q*z) (!<Mi<M + iV + 2), (2.5) 
(-l)MK-] ) (i < j < j < M + iV + 2), 

*m = < (2-6) 



(i < j < j < M + N + 2), 



= otherwise. (2.7) 



Here we have set 



For instance the function r(z) is written as following in the case M > N. 

r(z) _ z w (g^ig'^UCg 2 ^^- 1 ;^-^)- , 29) 

1 J ( g 2(M-JV)^ 9 2(M-JV) )oo(?2 ^-l. g 2(M-iV) )oo - ^ 

Here we have used the infinite product 

oo 

(^;p)oo = (bl<!)- 

Graphically, the i?-matrix R(z) is represented in Fig.l in appendix [XI The i?-matrix R(z) satisfies the 
graded Yang-Baxter equation. 

Ri 2 (zi/z 2 )Ri 3 {z 1 /z 3 )R 23 (z 2 /z3) = Rm{z2lz 3 )Ri 3 {z x /z 3 )Ri2{zi/z 2 ), (2.10) 

where Rw(z), Ri 3 (z) and R 23 (z) act in V (g) V (g) F with i?i 2 (z) = iZ(z) ® 1, iZ 2 3(z) = 1 ® etc. 
The relation (|2.10[) . expressed in terms of matrix elements, can be rewritten in the following form. 

M+N+2 

]T i?(z 1 /z 2 )^^i?(z 1 /z3)^i?(z 2 /z3)^(-l) ([ "- 1 + [ - 1 1)[U - 1 
J1)J2)J3 = 1 

M+JV+2 

= £ fi(^/^)tt«(^A3)i\i 3 ^(^/^)^;j; 2 (-i) (Nl]+fel])[%1 - (2-n) 

Multiplying the signature (— l)!"*!!!''^] to our i?-matrix R(z) J k 1 ^ 2 , we have the i?-matrix R PS (z) of the 
Perk-Schultz model [8] : R PS (z) J k \% = {-l)\ Vk ^ Vh J R{z)^ k \. The i?-matrix R PS (z) of the Perk-Schultz 
model 8 satisfies the ungraded Yang-Baxter equation. The i?-matrix R(z) satisfies the initial condition 
i?(l) = P where P is the graded permutation operator : Pj^'j^ = Sj 1 .k 2 Sj 2 .k 1 (— l)^" k ^ Vk ^. The i?-matrix 
R(z) satisfies the unitary condition 

Ri 2 {z)R 21 (l/z) = 1, (2.12) 

where i?2i(z) = PR\2(z)P . The i?-matrix R(z) satisfies and the crossing symmetry 

R-^ stl {z)M 1 Rf 2 1 (q^ N - M ^z)M^ 1 = 1. (2.13) 

Here we have set the matrix M € End(V) defined by 

q- 2 ^- 1 '> (Kj<M+l). 
Mii = 6iiMj, Mi=i (2.14) 
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We have the commutativity [M €5 M, R(z)] = 0. For instance the various supertranspositions of the 
i?-matrix are given by 

R st '(z)^ = fl(«)* , J.(-l)H(W+[«ii]) j fl«*'(z)*j = J?( )^/(-l)K-](K]+^]), 

R Stl2 (z)-j = = iZ(z)j$. (2.15) 

In appendix [B] we classify the boundary if-matrix that satisfies the graded boundary Yang-Baxter equa- 
tion (|2.28p . and find new diagonal solution (see (jB.lip ). 

Definition 2.2 We set the K-matrix K^'(z) £ End(V^) (i = 1,2,3) associated with the quantum 
super symmetry U q (sl{M + 1\N + 1)) as fallowings. 

^)(z) = z-^^Fiy^)(z) (« = 1,2,3), 



(2.16) 

K^(z)vj= Yl ^(z)i, (2.17) 
fc=i 

K®(z)i=6 jtk K«>(zY r (2.18) 



M + N + 2 



The K^{z)i and <p®{z) are given by fallowing CONDITION 1, 2, 3. 
CONDITION 1 : K^\z)i are <p [1] {z) are defined by fallowings. 

K^\z)] = l (i = 1,2, ...,M + N + 2), (2.19) 

and 

p (i, w = f g [y + l)rn] " f, [2(M - iV - _ 

^ {> P y^ 1 m[2(M-N)m] q ^ ^ 2m[2(M - N)m] q { ' 

m+n+i oo [2{ -M-N-2- ] )m] , 2m _ ~ [(Af-JV-lH, . ,,„ 



j=M+2 m 



-± 2m[2(M-N)m] q v y ^ 2m[(M - N)m] q 



(2.20) 



CONDITION 2 : i*£T( 2 )(z)j and (^ 2 )(z) are defined by fallowings. We fix a natural number L = 
1, 2, • • • , M + N + 1 and a complex number r € C. 

f 1 (Kj = fc<£), 

^ (2) K= 1-r/z , , ( 2 - 21 ) 

Condition 2.1 : For L < M + 1 we set 

Condition 2.2 : .For M + 2 < i < M + TV + 2 we sei 

^(z) = ^(z) x exp (- £ [( ~ M ~J~' + t )m]g (^" 2M '^) ro l • ( 2 - 23 ) 
V f"^ m[(M-N)m] q 



5 



CONDITION 3 : K^iz)] and tp( '{z) are defined by fallowings. We fix two natural numbers L,K = 
1, 2, • • • ,M + N such that L + K<M + N + l. We fix a complex number r e C. 

f 1 (l<j = k<L), 

K {i) (z)] = \ l - T -^ (L + l<j = k<L + K), (2.24) 

[ z- 2 (L + K + l<j = k< M + N + 2), 

Condition 3.1 : For L + K < M + 1 we set 



ex p ( E { 

\m=l k 



[(-M + N + L)m] 9 L + [(-M + N + L + KM q ^_ K . . 



m[(N - M)m] q m[(M - N)m] q 

Condition 3.2 : For L < M + 1 < L + K + 1 we set 

ip^(z) = <p {1) (z) (2.26) 
_ J(-M + N + L)m] qf __ L ^ m , [{M + N + L + 2-L-K)m] qi 

x t,xp 



I [y-ivi -|-iv Z^FWg , -L \m , -nv-r^-t-z-^-jY ^mjg , 3L+K _ 2 M-2 / )m 

V^il m[(M-AT)m] g iy ; m[(M-JV)m], W /; 

Condition 3.3 : for Af + 1 < L — 1 rae se£ 

^ 3 )(^) = ^«(z) (2.27) 

x exp f V ( t (M + ^ + 2 ; ^ (rg ^*»- + W + N t L + 2 \ L ~ K)m] « {f-*»-*z/rr ^ 
l^l m[(M-N)m] q yq ' m[(M - N)m] q W ' ' 

In what follows we sometimes just write K{z) by dropping the suffix " (i)" from K^ % ' (z). For classification 
of if-matrix, see appendix [Bland the references [9JHU1QJ]. Graphically, the i-T-matrix K(z) is represented 
in Fig. 2 in appendix [A] The if-matrix K(z) € End(I^) satisfies the graded boundary Yang-Baxter 
equation 

K 2 (z 2 )R 21 (z 1 z 2 )K 1 (z 1 )R 12 (z 1 /z 2 ) = R 21 {z 1 /z2)K 1 (z 1 )Ria(ziza)K a (z 3 ). (2.28) 
The relation (|2.28p . expressed in terms of matrix elements, can be rewritten in the form 

M+N+2 
M+N+2 

£ ^(^/^^^^^(^^^(^^^^^(z^^-l)"^^^.])^]. (2.29) 

jl J2,fcl,fc2 = l 

The if-matrix K(z) satisfies K(l) = 1. The if-matrix if (z) satisfies the boundary unitary condition 

= 1. (2.30) 

We set the dual if -matrix K + (z) G End(F) by 

K+(z) = K(l/q N - M z) st M. (2.31) 
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Graphically, the dual -RT-matrix K + (z) is represented in Fig. 2 in appendix Kl The dual i^T-matrix K + (z) 
satisfies the dual graded boundary Yang-Baxter equation 

K+{z 2 )^M^ 1 R 2 , l {ll q 2{ - M - N h l z 2 )M 2 K+{z l )^R l2 {z 2 /z l ) 

= R2i(z 2 /z 1 )K+(z 1 y^M^R 12 (l/q 2{M ' N) ziZ2)M 1 K+(z 2 y t \ (2.32) 

We set the monodromy matrix T(z) by 

T{z) = Roi(z)R 02 (z) • ■■i2 0l p(») € End(Vp <8 • • • <g> Vi ® F ), (2.33) 

where V, are copies of V. 

Definition 2.3 VFe introduce the transfer matrix T B n {z) by 

T f B m {z) = str Vo {K + {z)T{z-^K{z)T{z)), (2.34) 
where the supertrace is defined by stv(A) = Vj^ v ^Aj t j. 
Graphically, the transfer matrix T B n {z) is represented in Fig. 3 in appendix [X\ 
Proposition 2.4 The transfer matrix T B m (z) form a commutative family. 

[T f B m {z 1 ),T t B "\z 2 )]=0 for any z x ,z 2 . (2.35) 



The commutativity can be proved by using unitarity and cross-symmetry, boundary Yang-Baxter equation 

l B 



and dual boundary Yang-Baxter equation [201 ED 03] ■ We set the Hamiltonian H B by 



= Tz Tb (Z)| - I = g^ +1 + 2^° (Z)| - 1+ strvMl)) ' (2 ' 36) 
where /i^+i = P2,j+i^-Rj,j+i(z)| a = 1 . 

2.2 Semi-infinite U q (sl{M + 1\N + 1)) chain 

In this section we introduce the semi-infinite U q (sl(M + l\N + 1)) chain with a boundary. We consider 
the Hamiltonian (|2.36p in the semi-infinite limit. 

*g> = p lim ^« = p limA T /- ( , )U=1 = E + ( 2 .37) 

which acts formally on the left-infinite tensor product space. 

■■■<E>V<E)V<E)V. (2.38) 

We would like to diagonalize the Hamiltonian H$ in the semi-infinite limit. It is convenient to study the 
transfer matrix T B \z) = limp-^ T B n (z), including the spectral parameter z, instead of the Hamiltonian 
Hg . The transfer matrix T B \z) corresponding to the semi-infinite limit is depicted in Fig. 4 in appendix 
lAl By convention, the lattice sites in Fig. 4 are numbered k — 1,2,3, ••• from right to left. Fig. 4 in 
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appendix [X] describes a semi-infinite two dimensional lattice, with alternating spectral parameters. The 
transfer matrix T^\z) is rewritten as follows. 

M+N+2 



(2.39) 



Here the vertex operator $>j(z) and the dual vertex operator &*(z) are depicted in Fig. 5 and Fig. 6 
in appendix 1X1 respectively. The vertex operators &j(z) and &j{z) satisfy the following commutation 
relations. 

M+N+2 

fl(^A 2 )^ 2 2 $ fcl (^)$ fc2 (^)(-l) [ ^ 1[ "« ] , (2.40) 

fei,fe 2 =i 

M+N+2 

«(«iA2)^^ 1 (»i)*^(«a)(-i) I ^ IIo *' 1 > (2.4i) 

M+N+2 

fl- 1 ' s4l (^/^)^^ 1 (^)^fe(^)(-l) [ ^ 1[ ^ ] . (2.42) 
fci,fe 2 =i 

From the graded boundary Yang-Baxter relation (j2 .28[) and the commutation relations of the vertex 
operators, we have the commutativity of the transfer matrix Tg (z) . 

[f%\z 1 ),f B i \z 2 )}=0 for any Zl ,z 2 . (2.43) 

In order to diagonalize the transfer matrix Tg(z), we follow the strategy that we call the algebraic 
analysis method. 



3 Mathematical formulation 

In this section we give mathematical formulation of the supersymmetry U q (sl(M + 1\N + 1)) chain with 
a boundary, that is free from the difficulty of divergence Q] [TH [23] . 



3.1 Quantum supersymmetry U q (sl(M + 1\N + 1)) 

In this section we review the definition of the quantum supersymmetry U q (sl(M + 1\N + I)) [4, 6J. The 
Cartan matrix of the affine superalgebra sl(M + l|iV + 1) is given by 

/ -1 ••• 
-1 2 -1 ••• 
0-12 ••• 



(^4.i,i)o<i,i<iW+iV+i 



1 \ 




-1 




2 


-1 


-1 


1 




1 -2 




1 





1 



-2 1 
1 -2 



(3.1) 
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M N 

Here the diagonal part is (Ai t i)o<i<M+N+i = (0, 2, • • • , 2, 0, —2, • • • , —2). Let us introduce orthonormal 
basis {ej\j = 1,2, • • • , M + N + 2}@ with the bilinear form (ei\ej) = ViSij, where the signature Ui = ± is 
given in (|2.2[) . Define = e^ — ^ Sjil^ 2 e j- The classical simple roots a, (i = 1,2, • • • , M+iV+1) 
and the classical fundamental weights Aj (i = l,2, ,, -,M + AT + l) arc defined by 

i 

Oi = Viet - Vi+ie i+ i, Ai = ^ej (i = 1, 2, • • • , M + N + 1). (3.2) 

i=i 

Introduce the affine weight Ao and the null root 5 having (Ao|ej) = (S\ei) = for i = 1, 2, ■ • • , M + N + 2 
and (Aq|A ) = (S\S) = 0, (A \S) = 1. The affine roots a* (i = 0, 1, 2, • • • , M + N + 1) and the affine 
fundamental weights Aj (i = 0, 1, 2, • • • , M + N + 1) are given by 

M+N+l 

a Q = S- a ^ oci=oii (i = 1,2, • • • , M + N + 1), (3.3) 

3=1 

A = A , A. i = A + A 4 (i = l,2,---, M + N + l). (3.4) 

Definition 3.1 T/ie quantum supersymmetry U q (sl(M + l\N + 1)) (M, AT = 0, 1, 2, • • • , and M ^ N) is 
a q-analogue of the universal enveloping algebra sl(M + 1\N + 1) generated by the Chevalley generators 
{ei,fi,hi\i — 0, 1, 2, • • • , M + N + 1}. The 7i2-grading of the generators are [eo] = [fo] = [eM+i] = 
[/m+i] = 1 and zero otherwise. 

The Cartan-Kac relations ; Fori,j — 0, 1, • • • ,M+N+1, the generators subject to the following relations. 

q hi _ q -hi 

[hi,hj] = 0, [hi 7 ej] — Aijej, \hi>fj] — ~~Ai_jfj, [ e iifj] — — — • (3-5) 

For i,j = 0,l,---,M + N+l such that \Aij\ = 0, the generators subject to the following relations. 

[ej,e,-]=0, [fijj] = 0. (3.6) 

The Serre relations : For i,j = 0, 1, • • • , M + N + 1 swc/i f/iai \ Aij\ = 1 and i ^ 0, M + 1, the generators 
subject to the following relations. 

[ei,ej] q -i] q = 0, [fi,[fi, fj] q -i] q = 0. (3.7) 
for M + N > 2, the Serre relations of the fourth degree hold. 

[[[ei,ej] g ,e k ] q -i,ej] = 0, [[[fi, fj]q, fk] q -i, fj] =0, 

(i, j, k) = (M + JV - 1, 0, 1), (M - 1, M, M + 1). (3.8) 

For (M, N) = (1, 0) the extra Serre relations of the fifth degree hold. 

[eo, [e 2 , [e , [e 2 ,ei] g ]]],~i = [e 2 , [e , [e 2 , [e , ei] 9 ]]] 9 -i , (3.9) 

[fo, [/ 2 , [fo, [/ 2 ,/i],]]],-i = [/ 2 , [/o, [/ 2 , [/o,/i],]]],-i. (3.10) 

for (M, N) = (0, 1) i/ie extra Serre relations of the fifth degree hold. 

[e , [ei,[e ,[ei,e 2 ] g ]]] g -i = [ei, [e , [e x , [e , e 2 ],]]],-i , (3.11) 
[fo, [fi, [fo, [/i,/2],]]],-i = [/i, [/o, [/i, [/o,/ 2 y]] 9 -i- (3.12) 
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Here and throughout this paper, we use the notations 

\X,Y] t =XY- (-l) [x][Y] £YX. (3.13) 

We write [X,Y]i as [X,Y] for simplicity. The quantum super symmetry U q (sl(M + 1\N + 1)) has the 
7i2-graded Hopf-algebra structure. We take the following coproduct. 

A{ei) = ei®l + q hi ®e u A(/,) = ® q- h * + 1 <g> f u A(hi) = hi® 1 + 1 ® h h (3.14) 

and the antipode 

S{e i ) = -q- h >e i , S(f l ) = -f l q h % S(h t ) = -h t . (3.15) 

The coproduct A satisfies an algebra automorphism A(XY) = A(X)A(Y) and the antipode S satisfies 
a 7i2~graded algebra anti- automorphism S(XY) = (— 1)1^^ S(Y)S(X). The multiplication rule for the 
tensor product is Ti^-graded and is defined for homogeneous elements X,Y,X',Y' G U q (sl(N\l)) and 
v G V,w G W by X ®Y ■ X' ®Y' = (-l)' 7 '^''!!' ® YY' and X ®Y -v®w = {-l^^Xv ® Yw, 
which extends to inhomogeneous elements through linearity. 

3.2 Mathematical formulation 

In this section we give mathematical formulation of our problem. We introduce the evaluation repre- 
sentation V z of the (M + TV + 2) dimensional basic representation V = ®f!J[ N+2 Cvj. Let Eij be the 
(M + TV + 2) x (M + TV + 2) matrix whose (i, j)-elements is unity and zero elsewhere : EijVk = Sj,kVi- 
For i = 1, 2, • • • , M + TV + 2, we set the evaluation representation V z with the vectors {vi ® z n \i — 
l,2,---,M + TV + 2;nG Z}. 

e i = /i = ViEi+ii, hi = ViEii — Vi+iE i+ i. i+ i, 

eo = — zEm+n+2,i, fa = z~ 1 Ei^m+n+2, ho = — £1,1 — Em+n+2,m+n+2- (3.16) 

Let V* the dual space of V z with vectors {v* ® z n \i = 1, 2, • • • , M + TV + 2; n G Z} such that (w* <g> <g> 
z") = 5i,j5 m+ „,o. The {/,(sZ(M + 1|TV+ l))-module structure is given by (xv\w) = {v\{-l)\ x ^S(x)w) 
for v e V*,w e V z and we call the module as V* s . For i = 1, 2, • • • , M + N + 2, we have the explicit 
action on V* s as follows. 

e i = —ViVi+iq Vt E i+lii , fi = —Viq Vl E iii+ i, hi = —ViE iti + v i+ iE i+lii+ i, 

CO = qzEi.M+N+2, fo = q lz 1 Em+N+2A, ho = Ei t i + Em+N+2,M+N+2- (3-17) 

Definition 3.2 Let V(X) be the highest weight U q (sl(M + 1|TV+ 1)) -module with the highest weight A. 
We define the type-I vertex operators <J>(z) and <&*(z) as the intertwiners of U q (sl(M + 1|TV + l))-module 
if they exist. 

$(z):V(\)->V(n)®V z , <i>*(z) : V{p) -> V(\) ® V* s , (3.18) 
• x = A{x) ■ $(z), $*(*) -x = A(x) • $*(z), (3.19) 

/or ir G U q (7l(M + 1|TV+ 1)). 
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We expand the vertex operators = E^j^ 2 ®j( z ) ® Wj and $*(z) = ® w f The 

vertex operators &j(z) and 3>|(z) satisfy the following commutation relations. 

M+N+2 

% 2 (* 2 )<M*i) = £ ^(^i/^) J fe 1 1 i 2 $ fel (^i)<i> fe2 (^)(-l) [ "" 1[ ^ ] , (3.20) 

fcl,fc 2 = l 
M+JV+2 

$* 2 (z 2 )$* i (z 1 ) = ^ i?(z 1 /z 2 )i 1 i ;f 2 ci>* i (z 1 )<i>L(^)(- 1 ) [ ' ;3ll[ ' ;32] I (3-21) 

M+iV+2 

JiW«iW = £ ^^(^/^^^(^J^^JC-l) 1 ^"^ 1 . (3.22) 

fcl,fc 2 = l 

The vertex operators satisfy the inversion relations 

M+N+2 

Uz)** j (z) = g- 1 (-i) [Vi] kj, E (-i) [Vk] n(z)Mz) = g- 1 - (3.23) 

Here we have used 



"v— / \(M-N-l)m\a m \ 

e^TM^T exp - E [V A n i ~ g ■ 3 - 24 

Definition 3.3 FFe set i/ie transfer matrix Tg\z) by 

M+N+2 

T®(z)= E ^-^{zY^^-lpl (3.25) 

From the graded boundary Yang-Baxter relation (|2 .28[) and the commutation relations of the vertex 
operators, we have the commutativity of the transfer matrix Tg (z). 

Proposition 3.4 The transfer matrix Tg\z) forms a commutative family. 

[T% ) {z 1 ),Tjj\z 2 )]=0 for any zi,z 2 . (3.26) 

Following the strategy proposed in [TJ [53] , we consider our problem upon the following identification. 

T®(z)=fjj\z), = $*(z) = $*(z). (3.27) 

The point of using the vertex operators &j(z), $'j(z) is that they are well-defined objects, free from the 
difficulty of divergence. Let us set V(A)* the restricted dual module of the highest weight V(X). 

Definition 3.5 We call the eigenvector ^)(B\ £ V*(A) with eigenvalue 1 the boundary state. 

{i) (B\T^(z) = { i ) (B\. (3.28) 

We would like to construct the boundary state (i){B\ £ V*(A). Multiplying the vertex operator &*(z) 
from the right and using the inversion relation (|3.23p . we have the following. 

Proposition 3.6 The boundary state u.){B\ is characterized by 

MiB^iz-^K^iz)* = (id (B\<S>*(z) (j = l,2,.-.,M + N + 2). (3.29) 

In order to construct the boundary state n\{B\, it is convenient to introduce the bosonizations of the 
vertex operators &j(z). 
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4 Vertex operator 

In this section we review the bosonization of the vertex operators. We give the integral representation of 
the vertex operators, which are convenient for the construction of the boundary state (i){B\. 

4.1 Drinfeld realization 

In order to give the bosonizations, it is convenient to introduce the Drinfeld realization of the quantum 
supersymmetry U q (sl{M + 1\N + 1)) 016]. 

Definition 4.1 JS^ The generators of the quantum supersymmetry U q (sl(M + l|iV+ 1)), which we call 
the Drinfeld generators, are given by 

x trw Km hi, c, (i = l,2,---,M + iV + l,meZ,neZ #0 ). (4.1) 

The Z 2 - grading of the Drinfeld generators are |X^' M+1 | = 1 for rn G Z and zero otherwise. For i,j = 
1,2, - •• ,M + N + 1, the Drinfeld generators are subject to the following relations. 

c : central, [hi, hj <m ] = 0, (4.2) 
[A h3 m} q [cm} 

[ili m, n>j n \ — Om+n.Oi V i -' i ) 

m 

[h l ,Xf{z)]=±A^Xf(z), (4.4) 

[K. m , Xf(z)] = l^k q -c\™\/* z ™X+(z), (4.5) 
J m J 



[h hm ,X-(z)} = J^k q ^z m x-{z), 

J T71 J 



(4.6) 



[zi - q ±A ^z 2 )Xf{z 1 )Xf{z 2 ) = (q ±A ^ Zl - z 2 )Xf(z 2 )X±( Zl ), for \A id \ ± 0, (4.7) 

[X±( Zl ),Xf(z 2 )} = 0, for l^jl = 0, (4.8) 

[X+( Zl ),X-(z 2 )} = ^ (5(< Z - c z 1 /z 2 )^+(^z 2 ) - 5(q c z 1 /z 2 )^( q -§ Z2 )) , (4.9) 

J {q-q v )z\z 2 

(xt(z 1 )Xt(z 2 )X^(z)-( q + q- 1 )Xt(z 1 )X^(z)Xt(z 2 )+Xf(z)Xt(z 1 )Xt(z 2 )) 

+ (z 1 O z 2 ) = 0, for \Ai d \ = 1, i^M + 1, (4.10) 

( x m+i( z i) x m+2( w i) x m+i( z 2)Xm(w 2 ) - (7 _1 Xf f+1 (zi)X^ +2 (wi)X± (w 2 )X± +1 (z 2 ) 

-q X M+i( z i) X M+i{ z 2)X%{w 2 )X% +2 { Wl ) + X^ +1 (z\)X^{w 2 )X^ +1 (z 2 )X± +2 {w{) 

+ X M +2 ( w i) X M+A z 2) X m( W 2) X M+A z i) - q~ 1X M +2 {wi) X M ( W 2) X M+l( Z 2) X M+l( Z l) 
-q X M+l( z 2) X M( w 2) X M+2( w l) X M+l( z l) + X m{ w 2) X m +1 { z 2)X± +2 {wi)X% +1 { Zi )) 

+ (ziOz 2 )=0, (4.11) 
where we have used S(z) = 5Z mgZ z " 1 ■ Here we have set the generating functions 

Xf{ Z ) = Y. X f,m Z ~ m ~^ ( 4 - 12 ) 



/ 00 



V>+(z) = ^*exp , (4.13) 



m— 1 
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4>i(z) = q-^expl-iq-q-^^K-mZ" 1 ]. (4.14) 

The relation between the Chevalley generators and the Drinfcld generators are obtained by the followings. 

e t = X+ , f t =Xr Q (i = l,2,---,M + N + l), (4.15) 

h = c - h 1 -h 2 h M +N+i, (4-16) 

e = ( — 1) + \Xm+N+1,V) ' ' ' ' [-^M+2,0> [-^"m+1,0 ' ' ' ' 1^2,0' ^l,o]<J _1 ' ' 'l?" 1 ]? ' ' '\l 

X q—hi—hz hut+N+i (4 yj^ 

_ ghi + h 2 -\ \-hu+N+i 

X [...[[... X 2i0 ]q, • • • , X M+liQ ]g, X^ I+2 ] q -i , • • ■ ^M+Ar+i^olq- 1 ■ (4-18) 

4.2 Bosonization 

In this section we review the bosonizations of the Drinfeld realizations of the quantum supersymmetry 
U q (sl(M + 1\N + 1)) [T5]. In what follows we assume the level c = 1, where we have the simplest 
realization. Let us introduce the bosons 

a* n , K, <l, Q a * ,Qw,Qch (« G Z, % = 1, 2, • • • , M + l,j = 1, 2, • • • , N + 1), (4.19) 

satisfying the following commutation relations. 

■ - Ma 

[«m) a n] = SijS m+n0 , [a l ,Q a j] = Sij, (4.20) 

to 

[to] 

[6^,, V n ] = -^+",0—, Q w ] - -5^, (4.21) 
m 

[ c m> c L]= S i,j 5 m+n,0 [$),Qcj] = (4-22) 

TO 

Other commutation relations vanish. We set hi = hi t Q. For i = 1, 2, • • • , M and j = 1, 2, • • • , N, we set 

Qht = Qa* — Qa^ 1 ! QhM+i = Qa u + 1 + Qb 1 ) Qh M +i +] = ~Qb3 + ■ (4.23) 

It is convenient to introduce the generating function j3) by 

fe l (z;/3) = -^^f (7 - /J l"lz-" + Q ft! +/ ll .ologz (/3 G R). (4.24) 

We introduce the g-difference operator defined by 

dj(z) = fJ**LJ<g*l . (4.25) 
{q-q L )z 

In what follows we use the standard normal ordering ::. For instance we set 

!a* a? (to < 0) 

m ; : 4Q* ■■=■ Qa*4 := Q a< a*. (4.26) 
a>™ ("» > 0), 
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Theorem 4.2 \1S§ The Drinfeld generators for the level c = 1 are realized as follows. 



c 


= 1, 


(4.27) 


hi,m 


- n l «-l m l/ 2 - r7 i+1 flH/2 


(4.28) 


h-M+l.m 


- „M+l -\ m \/2 , .1 -|m|/2 

— u m y ~ "my > 


(4.29) 


hM+l+j,m 


W „l™l/ 2 J. W+l„-|m|/2 


(4.30) 


A i ( z ) 


. h l (za/2) . nV^lal 




Y + ( \ 


M 

fi M+1 (z:l/2) c^zrO) TT -7r\/^Tai 

• g g V ' "/ • 1 1 g V - LL *'0 

i=l 


(4.32) 




= . e h M + 1 +Hz;l/2)^ dze ~cHz-0)^ + \z;0) 


(4.33) 


Xf(z) 


= _ • e -fc'(i;-l/2) . e -7rV=ToS 


(4.34) 


Xm+i( z ) 


M 

= : e-h^ta-i/aj^e-a^iO)] . J]>V=I<4 ; 

i=l 


(4.35) 


XM+l+j( Z ) 


= - : e ~'» M+1+3 (^"l/2) e c 3 ( Z ;0)j (9ze -^ + 1 ( Z ;0)] 


(4.36) 



fori= 1,2,- --,M and j = 1,2,- ■■ ,N. 
4.3 Highest weight module 

In this section we study the space that the bosonizations act. We introduce the vacuum vector |0) by 

<|0) = &£|0) = 4|0) (n < 0, i = 1, 2, • • • , M + 1, j = 1, 2, • • • , N + 1). (4.37) 

For A^, A^, \{ £ C (i = 1, • • • , M + l,j = 1, • • • ,N + 1), we set the vector 

\Xl • • • , Af +\ Aft, • • • , Af +\ A*, • • • , Af + 1 ) = ^ | >. (4.38) 

The Fock module J-" A i ... a m+i a i ... A1 A «+i is generated by acting creation operators <x!_„, frL n , cL„ 
(n > 0) over the vector |A„, • • • , A* f+1 , Aj, • • ■ , A^ +1 , Aj, • • • , A^ +1 ). In order to obtain the highest weight 
vectors of U q (sl(M + 1\N + 1)), we impose the conditions. 

2 I a ? ' ' ' ) A a ! A &i'''! A b ! A cj'''j A c / — A i I A a ) ' ' ' ) A a ) A b ) ' ' ' J A f, 7 A ci'''j A c /) 

e i |Ai,--- ) Af+ 1 ,A^---,A 6 v+1 ,Aj ) ---,Af+ 1 )=0 (i = 1, 2, • • • , M + N + 1). 

Solving these equations, we have two classes of solutions. 
(1) |Ai> (i = l,2,-.-,M + JV + l). 
For i = 1, 2, • • • , M + 1, we identify 

i JU+JV+2-i 7V+1 

|A 4 > = |/3 + l,.*.,/3 + l, ^~^~^,0~^0) (/3eC). (4.39) 
For j = 1, • • • , N + 1, we identify 

M+l+j N+l-j j N+l-j 

|A M+ i+,) = IH V •-,/? + l,/V^,Cr^,"Tr~^~~l) (/3GC). (4.40) 
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(2) |(1 - a)A + ak M +i) for a e C. We identify 

M+l jV+1 at + i 

|(l-a)A + aA M+ i) = | - ~, • - , /? - a, "a""^" - ^) (/3 e C). (4.41) 
For z = 1, 2, • • • , M + 1, j = 1, 2, • • • , N + 1 and a, /3 € C, we set the spaces. 

F(Ai,P) = ^ M + JV + 2-, JV + l , (4.42) 
"'"'' M + WeZ (/3 + 1, • • • , /? + lK^~3fi^0)°(h,i2,-,iM+N + 1 ) 

^(A M +i+j,/i) = -F M+i+j N+i-j j N+i-j (4-43) 
u,...,iM +N+1 ez ( ^ - - ; " —p - i ! ^~?^^5~?^ ! ^Y~?^ — ^ )o(4i ^ 2j ... i1m+n+i) 

F(a,l3) = (J) -T 7 M + l N+l N+1 . (4.44) 

Here we have used the following abbreviation. 

/\1 \M+1 il \JV+1 \1 \N+1\ {■ ■ ■ \ 

l A a!"-, A a ! A 6)--->A 6 ,A C ,---,A C J o (Zi,Z 2 , • • • , «Af+7V+lJ 

- CX 1 \ M+1 X 1 \1 \ N + l \ 

— \ A a-> i A a i A b-> i A b i A ci : A c J 

+ (ilj «2 — *1, • • • , !M+1 — Hf, tJlf+1 — JM+2, 1 ' ' , IM+N — iM+N+l,tM+N+l 

, lM+1 — lM+2, ■ ■ ■ , iM+N — lM+N+1, ZM+JV+l)- (4.45) 

The actions of U q (sl(M + 1| iV + 1)) on the spaces J r (\ i ,i3)j •^"(a./S) are closed. However, these modules are 

not irreducible in general. In order to obtain irreducible module, we introduce £-r? system. We introduce 
the operators £^ and rj 3 m (j = 1, 2, • • • , N + 1; m € Z) by 

= E &*~ m = : e ~ cJ(z) : < ^(*) = E ^~ m_1 = : eCJ(z) : • ( 4 - 46 ) 

The Fourier components £ 3 m = |^=z m_1 ^(z) and rf m = |^p=z m i) J (z) are well-defined on the 
spaces ^ 7 (A i ,/3))-^"(a,/3) for a G Z. They satisfy the anti-commutation relations. 

= <Wn,o, {^,e} = R,^} = (i = l,2,...,AT + l). (4.47) 
Here we have used {a, 6} = a& + ba. They commute with each other. 

= [£,,&'] = foL ^1 ^ (1 < j ^ < JV + 1). (4.48) 
We focus our attention on the operators ?7o'Co satisfying (t]q) 2 = 0, (Co) 2 = 0. They satisfy 

lm(rf ) = Kerfag), Im(^) = Ker(^). (4.49) 
The products 770C0 an d Co^o are projection operators, which satisfy 

^+^ = 1, (4.50) 

M) 2 = 4& (M 2 = « (viamWo) = 0, = 0. (4.51) 
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Hence we have a direct sum decomposition for i = 1, 2, • • • , M + N + 1, j = 1, 2, • • • , N + 1. 
and 

Ker(r^) = ^ J" (A( ,p) or rf^F^, Cokev(rf ) = ^rfo^iAt^) or ^rfo^a,^)- (4-53) 
We set the operators ?7o and £o by 

% = I] ^ Co = 1] So- (4-54) 
4=1 i=i 

Following the conjectures in [15] . we expect the following identifications. 

V(A i ) = Coket rio =^r, o T iAi , 0) (i = 1, 2, • • • , M + N + 1), (4.55) 

t//Yi \ a , a s J Coker(77o) = ZoVoJ 7 ^) (a = 0, 1, 2, • • •), 
K((l - a)A + ojAm+i) = < (4.56) 

Ker(?7o) = Vo^( a ,p) (a = -1, -2, ■ ■ ■)• 

Since the operators t)q and £g commute with U q (sl(M + 1\N + 1)) up to sign ±, we can regard Ker(?7o) and 
Coker(?7o) as U q (sl(M + 1\N + l))-module. In what follows we will work on the space, that is expected 
to be the irreducible highest weight module V(Aa/+i). 



4.4 Vertex operator 



In this section we give the bosonization of the vertex operators (z), and give the integral representations 
of them. We set the following combinations of the Drinfeld generators. 

[(M - N)m]g[m]q 

M+N+1 „ M+N+1 „ 

QK= E W^Q^ Ko= E S^o- (4.58) 



Here we have set 



M — N 3 ' l ' u M-N 
j=i j=i 



Min(i.i) (Min(i,j) < M + 1), 

2(M + 1) -Min(i,j) (Min(i,j) >M+1), 



(4.59) 



M-N-Max(i,j) (Max(i,j)<Af + l), 
ft,3 = S (4-60) 
-M-iV-2 + Max(i,j) (Max(i, j) > M + 1). 



We have the following commutation relations. 



\h* h ]-X X \h* h* }-X [ a iJ m l^iJ m liMi / 4fi1 N 



in 



[h^Qh^Sij, [ht ,Q h *}= (Z'-'n) - (462) 
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Theorem 4.3 J 15]/ The bosonic operator 4>*(z) given below satisfies the same commutation relations 
as the vertex operator $*(z). In other words, the bosonizations of the vertex operator $*(z) on the space 
F(a,p)> F{hi,p)> F{A M +i+i,P) are 9 iven by the followings. 

M+N+2 

<j>*(z) = ]T ^*{z)®v*. (4.63) 

3=1 

Here the bosonic operators 4**j{. z ) U = lj 2, ■ ■ ■ , M + N + 2) are defined iteratively by 

M+l 

4>l{z) =: e^'^w-Va) : JJ e TV=r^r«S j ( 4 . 64 ) 
fe=i 

^^ + i(*) = -[^(«),/i]^ (i = l,2,---,M + iV+l). (4.65) 
The Z 2 -grading is given by |^(z)| = 2*±1 (j = 1, 2, • • • , M + N + 2). 

Corollary 4.4 The bosonizations of the vertex operators &j(z) on the space S,oVoJ'(a,i3) (a = 0, 1, 2, • ■ ■) 
are given by the following projection. 

*j («) = hvo • <t>) (*) ■ tow (j = 1, 2, • • • , M + N + 2). (4.66) 
In what follows we call the bosonic operators 4>*(z) the vertex operators. We prepare the auxiliary 



operators X M+ j e (w) (e = ±) by 



X M+1 {W) = ( q - 1 q -^ W {XM +^+ H ~ X M+jA W )) 0* = !> • • • » N + !)■ 



(4.67) 



In other words, we set 

M 

*m+i,» = :e- hM+1 ^- c1 ^ :l[e^< (e = ±), (4.68) 
X M+1+j , e H = - : e -^ +3+1 (-)WW-c^(^) . ( c = ±ij = 2 ,3,...,JV + l). (4.69) 
Using the normal orderings in appendix [Cl we have the following normal orderings for j = 1, 2, • • • , M. 

■ <t>*{z)Xi ■ --Xjiqwj) : Xj +1 {qw 3+ i) = — - ::, 

1 

X i+i( aw j+i) : <t>*( z ) X i il w i) ■■■Xj (QWj) ■= -e M 7z : r ::, 

xy^T 1 

: <l>i{z) x i (qw!) ■ ■ ■ X M (qw M ) ■ X M+1 (qw M +i) = -e « r ::, 

+ qw M {l - qw M+ i/w M ) 

t^J^I 1 

X M+1 (qw M +i) : <f>* 1 (z)X 1 (qwi) ■ ■ ■ X M (qw M ) ■= -e " :: . 

+ qw M+1 (l- qwM/WM+i) 

For e = ± and j = 1, 2, • • • , N + 1, we have 

qX M+] + {wi)x M+j+l e (w 2 ) - x M+J+l t (w 2 )x^ +j + ( Wl ) 

^M +i ,-(wi)X^ +J . +lie (w 2 ) - X^ +j+li£ («;2)^ +J ._(u;i) 

= (1 - ^/gl 2 ) : : • 



Using these normal orderings and (I4.65[) . we have the following integral representations. 
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Proposition 4.5 The vertex operators <f>j(z) (j = 1, 2, • • • , M + N + 2) have the following integral 
representations. 

M+l 

4>i(z) = :e h ^: JJ e'^V-S, (4.70) 



k=l 



= e =^(*-l)(g-g-l)*-l JJ /" 

k=l Jc 



dw k z 1 Wj-\ 

\[(l-qw k /w k+1 )(l-qw k+1 /w k ) 



k=0 

x ■4,\{z)X^{qw 1 )---Xr_ 1 { qWi _ 1 ): (* = 2, ■ ■ ■ ,M + 1), (4.71) 

M+l 



, |_ r._i J C 



dw k 



M 



e=± fc=l ^m +2 W^fc / U1 / ^ 

11(1 - qw k /w k+1 )(l - ^i/wfc) 

fc=0 

x : 0i(z)X^(qw;i) • • -X M ((7ii; M )X M+lie ((7W7M+i) :, (4.72) 

«w> - .^fv.Tw- e n«n/ s^;- 

1 



M j-1 

il^ 1 - 1 w k/wk+l){l - qw k+1 /w k ) JJ(1 - q tk w M +k/w M +k+l) 
k=o k=l 

x : faroi) ' ■ -^m (^M)^M +1 , f >M+i) • • •X M+j . £j (<?w M+J ) :, 

(j = l,2,---,7V + l). (4.73) 

Here we have read wq = z. We take the integration contour C'i (i = 1, 2, • • • , M + N + 2) £o 6e simple 
closed curve that encircles wi = 0, qwi-i but not q~ 1 wi-i for I = 1, 2, • • • , i — 1. 

5 Boundary state 

In this section we give the bosonization of the boundary state (i)(B\. The construction of the boundary 
state is the main result of this paper. We give complete proof of this bosonization of the boundary state. 

5.1 Boundary state 

In this section we give the bosonization of the boundary state (j)(-B|. We use the highest weight vector 
(A M +i| S V*(A M +i) given by 

(Am +1 | = (0|e-^:r^ + a-«E^^ + E^^, (5.1) 
where (0| is the vacuum vector satisfying 

(0|a^ = (0|6^ = <0|c^ = (n>(M = l,2,---,M + l,j = l,2,---,iV + l). (5.2) 

We have 

{h.M+i\hi — 5»,m+i(Am+i|) (Am+i|cq = — (Am+i|, (5.3) 
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for i = 1, 2, • • • , M + N + 1 and j = 1, 2, • • • , N + 1. In what follows we use the auxiliary function 

1 (m : even), 



(m : odd). 



(5.4) 



Definition 5.1 We define the bosonic operators C?W (j = 1,2,3) fry 



M+JV+1 co 

= -J E E 



j=l m=l L Jl i 



Ar+1 °° m«- 2m 
j=l m =l L TO J<J 



M+Af+1 oo 



iV + 1 oo 



+ EE Pj^mhm + E E 7j',mc£»- 
j=l m— 1 j — 1 m— 1 



//ere we /iaue set 



7jV 



-0 m (j = l,2,---,JV + l). 



-Here we /iai»e set Pj m (i = 1, 2, 3) as followings. 
CONDITION 1 : For i = 1 we have set 

q -3m/2 _ q -m/2 n 



-2q 



-3m/2 



g -3m/2 +g -m/ 2< 



(i < i < m), 

(i = M+l), 
(M + 2 < j < M + AT + 1). 



CONDITION 2 : For i = 2 we feaue set 

3(2) 



„, m (aL-3/2)m 

^ = ~ ^TZ^ <^ (j = 1, 2, • • • , M + TV + 1). 



L™J<? 

Condition 2.1 : For L < M + 1 we have set 

a L = -L. 

Condition 2.2 : For M + 2<L<M + N + 1 we have set 

a L =L-2M-2. 

CONDITION 3 : For i = 3 we have set 



8^ = piX) _ r _J_ 



m n (aL-3/2)m n (a L + K -3/2)m j^m 



m 



8j,L - 



\q l m \q 

Condition 3.1 : For L + K < M + 1 we have set 



(a L ,a L+K ) = (-L, L-K). 
Condition 3.2 : For L<M + 1<L + K-1 we have set 

{a L ,a L+K ) = (-L, 3L + K - 2M - 2). 
Condition 3.3 : For M + 2 < L we have set 

(a L ,a L+K ) = (L — 2M - 2, 2M + K - L + 2). 



(5.5) 



(5.6) 



(5.7) 



(5.8) 



(5.9) 



(5.10) 



Sj,L+K (j = l,2,---,M + N + l). (5.11) 



(5.12) 



(5.13) 



(5.14) 
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The following is main theorem of this paper. 

Theorem 5.2 The bosonization of the boundary state (i)(B\ (i = 1,2,3) is given by 

W (B\ = (A M +i|e GW . (5.15) 

Here the bosonic operator (i = 1, 2, 3) is given by i5.5\) . In other words the vector (i)(-B| becomes the 
eigenvector of the transfer matrix T^\z) with the eigenvalue 1. 

(i){B\Tg\z) — (i){B\. (5.16) 

5.2 Excitation 

In this section we introduce other eigenvectors of Tg (z), that describes the excitations. 

Definition 5.3 We define the type- II vertex operators ^f(z) and^*{z) as the intertwiners ofU q (sl(AI+ 
1\N + 1)) -module if they exist. 

9(z) : V(A) -> V z ® V{jjl), ^*{z):V{^)^V; s ®V{\), (5.17) 

• x = A(x) ■ **(z) -x = A(ar) • **(«), (5.18) 

ybrse t7,(flZ(M + l|JV + l)). 

We expand the vertex operators *(z) = E^j^ 2 Uj <g> %(z) and **(z) = E^j^ 2 v j ® (-*). The 
type-II vertex operator Vl/^^) and type-I vertex operators $j(z), (2) satisfy the following commutation 
relations. 

= r^/^^^^COC-l)^ 11 ^ 1 , (5.19) 

= r(e/z)$*(z)*;(e)(-l)^ 1[ ^ 1 . (5.20) 

Here we have set 

i-M+jy / ^S, KM - N -Drriln \ 

t(z) = -z— exp - V U " ^i(z m - z- m ) . (5.21) 

Definition 5.4 PFe call the following vectors AlllM2 ...., AI „(i)(^i, £2, ■ ■ ■ , £n| ^ e excitations. We set 

fc> • ■ ■ , £n| = (i) (SI*;, «l)*J a (6) • • • ^„ (*»), 

/or • • • ,/Xn = 1, 2, • • • , M + N + 2. 

Corollary 5.5 The excitations become the eigenvector of the transfer matrix Tg (z). 

n 

Hx^2,-,^n{i) (&> 6, • • • » Cnl^ (2) ^^.....^(i) (6, 6, • • • , fnl n ^(^M 2: )' r (^/ 2: )- ( 5 ' 22 ) 

We expect that the excitations (|5 . 22[) are the basis of the space of the physical state of the supersymmetry 
U q (sl(M + 1\N + 1)) chain with a boundary. 



20 



6 Proof of main theorem 

In this section we give complete proof of the main theorem. We would like to show 

^{B^z-^K^iz)] = (i) {B\Wz- 1 ) (j = 1,2, • • • , M + N + 2). (6.1) 
It is convenient to use the following abbreviations. 



^) = -Erf« Vm - ^) = ETT i 9^ m (i = l^...,M + N + l), (6.2) 



m—l 



h* h* 
m—l L Jy m—l L iH 



„t^ [m], ^ [m], 

We set the function D(z,w) by 

D(z,w) = (1 — qzw)(l — qz/w)(l — qw / z)(\ — q/wz). (6-5) 

The function D(z,w) is invariant under (z,w) —> (l/z,w),(z,l/w),(l/z,l/w). 

Proposition 6.1 The operator G (l) (i = 1, 2, 3) given in A5.5\) satisfies 

e aW h^ m e- GM = %_ m - q- 2m h jtm + (jn > 0, j = 1, 2, • • • , M + N + 1), (6.6) 

e G< V_ m e' G<l) = ci m - «T 2 "V m + ^7i, m (m>0,j = l,2,...,iV + l). (6.7) 



i .. . . x \ <■• 



(6.4) 



Proposition 6.2 For the boundary conditions i = 1,2,3, we have 

{i) (B\hj = 5 j , M+H < ) (B\ (7 = 1,2,..-,M + JV + 1), (6.8) 
TV + 1 

W(S|^ = - I7 3^W(S|, (6.9) 

W <B|cj = - w <£| (j = l,2,...,7V + l). (6.10) 

We show the relation (|6.ip for each boundary condition (i)(-B| (i = 1,2,3), case by case. 
6.1 Boundary condition 1 

In this section we show (|6.1I) for the boundary condition ^(B\. Very explicitly we would like to show 

z ^n^){ z -1) {1) (B\4>*{z) =z-^<p ( - 1 \z) {1) {B\<l)*{z- 1 ) (l<j< M + N + 2). (6.11) 

We would like to comment that RHS (resp.LHS) is obtained from LHS (resp.RHS) under z — > 1/z. The 
proof for l<j<M + lis similar as those of non-super sl(N) case. The proof for M + 2 < j < M + N + 2 
is different from those of non-super case. We prepare propositions. 
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Proposition 6.3 The actions ofh\(w), h*}(w) and cL(iu) on the boundary state are given as 

fallowings. 

w (B\e- ht ^ = 3l (1) H (1) (B| e -' l +^) (t = 1,2, • • • ,M + N + 1), (6.12) 
w (B\e h -^ = yWW (1) (B|e k ' 1 («H, (6.13) 
{1) (B\e- c -^ = cf\w) (l) (B\e- c \^ (j = 1, 2, • • • , N + 1). (6.14) 

Here we have set 

{(1-w 2 ) (l<i<M), 
(1 + w 2 ) (i = M + l), (6.15) 

1 (M + 2 < i < M + N + l). 

The function ip 1 -- 1 * 1 (w) is given in 

(MM) and cf\w) = 1 for j = 1, 2, • • • ,N + 1. 
Proposition 6.4 The following relation holds. 

y, f dw 1 eq\l~qw 1 w 2 )e- cl + {ql+Ewi) - c3 + {ql ~ £/wi) _ j dwi (-1 + w 2) e -<("'i)-<('? 2 /^i) 
£-^_Jc w i (1 - g £ wiw 2 )(l - q t w\jw 2 ) Jc w i (1 - wiw 2 /q)(l - wi/qw 2 ) 

Here the integration contour C encircles Wi — 0, gw^ 1 not &u£ wi = q~ 1 w 2 tl . This integral is invariant 
under w 2 — > l/w 2 . 



Proof for boundary condition 1. We show main theorem for the boundary condition n)(B\. We 
show the relation (|6 . 1 1 [) . 

• The case for j = 1 : ^ {B\4>\{z). 

Using the bosonization (|4.70l) and the relation (I6.13p . we get LHS of (|6.1ip as following : 

z^ L Nip^(l/z) {1) (B\^* 1 {z) =q-^^ 1 \z)^ 1 \l/z) [1) {B\e h + {qz)+h + {q/z) e Qh i. (6.17) 

This is invariant under z — > 1/z. Hence LHS and RHS of (|6.11|) coincide. 

• The case for j = 2 : ^{B^iz). 

Using the bosonization (|4.71l) . the relations (|6.12p . (|6 . 1 3|) . and the normal orderings in appendix [Cl we 
get LHS of ((6~TT1) as following : 

= q^ T ^w^ 1 (q - q~ 1 )e~M~^N ip ( - 1 \z)(p ( ' 1 \l/z) 

dw (1 - W 2 ){1 - q/zw) , B \ Q h *-hi h?{qz)+h*£{q/z)-h\{qw)+h\{q/w) ( q lg) 

Cl 2^^Tw D(z,w) (1)V 1 ■ \ ■ J 

We note that the integrand (z)y w (V*) h? {qz)+h' + 1 ( q /z) ■ invariant z4 i/ z , We have LHS— RHS of 
(|6.11[) as following : 

q~TT=w(q - q~ 1 )e m-*> (z)ip ( - 1 \l/z)(z — z^ 1 ) 

dw (VJ- 1 - W)_ Qhl- hl h?{qz)+h?(q/z)-h\{qw)-h\{q/w) /g jqN 

c x 27r v /= Tw D(z,w) (ln 1 ■ \ ■ J 
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Here the integration contour C\ encircles w — Q,qz ±1 but not w — q~ 1 z ±1 . The integration contour C\ 
is invariant under w — > 1/w. The integrand ^ W D ^ Z ~^ e~ h +^ qw ^~ h +^ q ^ w ^ creates just signature ( — 1) under 
w -» 1/w. Hence we have LHS— RHS= 0. 
• The case for 3 < j < M + 1 : {1) (B\<f>*(z). 

Using the bosonization (14.71[) . the relations (|6. 12[) . (|6 . 13[) and normal orderings in appendix O we have 
LHS-RHS of (IHTTTlt as following. 

z^ l p (1 \l/z) il) (B\r j (z) - z-^^ 1 \z) {1) (B\^*(l/z) 

j_\ Y[(i- q/w k w k+1 ) 

t=l ° ] v TTn/ \ fe = 2 

k=0 

x ^ 1) ^| e Qh I- h i--S-i e ^+ 1 (9 z )+ ft + 1 (9/ 2 )"Z)C 1 i(' l +(' ? "' fc ) + ' l + (9 /' lUfc) \ (6.20) 

Here the integration contour Cj encircles w k = 0,qwi_i not but w k = f 'm^ for 1 < k < j — 1. Let's 
study the changing of the variable wi -> l/u>i. We note that the integrand D ^, Wl ) e~ h + < ' qwl) ~ h + < - q ^ Wl ^ 
and the integration contour Cj are invariant under w\ — > 1/wi. Taking into account of symmetrization 
iU|=i ^TfM = 3 ^|=i tW"*) + /(!M)) an d relation (1 - 9 / TO ) - ( Wl f+ - (wf 1 - 

Wi)(—q/w2), we symmetrize the variables W\, W2, ■ ■ • , Wj-2, iteratively, we have 

(-g/2) J - 2 g '^( g - g ~ 1 ) 3 ~V (1) (^)y (1) (V^)(^-^' 1 )e ' rV ^- ( "" 1) 

>< n 



dw k 



fc=l 



^iSj 27rV :r T«;fe J 2 

|| D(w k ,w k+lj 



k=0 

x , i ^B|e 0h * - * 1 '" _ ^- 1 e ft +^ + ' l + (^"XXli^+te^+k+te/ 1 "*)) — o. (6.21) 



Here we have used £ . . &t=±( w j\ - w^ x )er h \ '(^j-i)-^ "(sM-i) = . 
• The case for j = M + 2 : (1) (B\(j>* M+2 (z). 

Using the bosonization (|4.72l) , the relations (|6.12p . (|6.13p . (|6.14p . and the normal orderings in appendix 
E3 we have LHS-RHS of (|6~TT]) as following. 

Wm +2 (z) - z-^V {l) {z) {1) {B\cl>* M+2 {l/z) 



q -n=n+i( q - q- 1 ) M ^ v >{z)^ 1 \l/z){z - z^e^ 



M 

M+l . , , _i \/i i 2 \ Af M 



\- TT / dw k {W 1 - Wi)(l +W M+1 ) jj jj 2 

Z. e ll /- TJTfZ: m [[{l-q/w k w k+1 )[[(l-w k ) (6.22) 

|| D{w k , w k +i) 



k=0 

ih*-hx-—h M+1 -ei /i+ 1 (gz)+/i^ 1 (q/z)-^^^ 1 (/i^(gu' fe )+/i+(q/tUfc))-c^(g 1 + e ™a. / + i)-c^(q 1 ~ e /' !I 'M+l) 



x (1) (B|e^'*i k i"-»«w-'i c " 
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Here the integration contour Cm+2 encircles w k — 0,qw k _ 1 not but w k — q w k-i f° r 1 < k < M 

i| =1 ^) = l| H = 



1. Taking into account of symmetrization | , , —f(w) = \§\ w \ =1 {f{ w ) + f0-/ w )) an d relation (1 



q/wxWi) — (w\ o u>j ) = (—q/w2){w 1 1 — we symmetrize the variables u>2, ■ ■ ■ , % iteratively. 
Then we have 



{-q/2) M q- — + 1 {q - q' 1 )™ cp^ (z)^ (1/ z)(z - z'^e^N 
M 

M+l Ti^k 1 - w k) 2 (*»M+l + U 'M+l) 

dw k k=l 



A I 



k=1 J Cm +2 lW k 

|_[ D{w k ,w k +ij 



k=0 



x (^-c\{q 2 w M + i)-c\{l/w M +l) _ e -c\{w M + l)-c\(q 2 /wm + i)^ _ Q (6.23) 

Here we have used 

f rfwM+l (wm+1 + / e -ci( g 2 «, M+1 )-ci(l/™ M+ i) _ e -cV(-M + i)-cV( 9 2 /-M + 1 ) N ) = Q 

|«, M+1 |=1 WM+1 fl(l»lf,WM+l) V / 



• The case for 2 < j < N + 1 : (1) (S|0* f+1+J (z). 

Using the bosonization (|4.73p . the relations (|6.12l) . (|6.13[) . (|6.14[) . and the normal orderings in appendix 
O we have LHS-RHS of (l6~TT1) as following. 



Z' 



V (1) (iA)(i)(s|^ +i+1 (z)-z-^^ 1) W( 1) <B|^ + i+i( 1 A) 



tf— 1 

x IT e fc g efc (l- g w M +fcWM+fc+i) (1) (B|e <, *I- h i-- h «+i-i e h + I (*»>+*+(«/*) 

^ (1 - q ek WM+kWM+k+l)(l ~ q tk WM+k/WM+k+l) 

(6.24) 

Here the integration contour Cm+i+j encircles u>fc = 0, giUt^j not but = f 1 !!)^ for 1 < k < 
A/ + j. Using relation (1 — q/w\W2) — (wi -H- w^ 1 ) = (— q/w2)(w^ — u>i) we symmetrize the variables 
wi,W2, idm iteratively, we have 

q-TT L N(-q/2) M (q - q' 1 )™ <pW> (z)<pW (l/z)(z - z'^e 1 ^ 1 

M 

M+j Il^k 1 - w k) 2 (^M+l + %+l) 

dw k fe=i 



y ^ ■ n , — 



D(w k ,w k+1 ) 



k=0 
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3-1 



FT e k q^(l-qwM + kWM+k+i) Me Qui-^...- hM+j -c je h%\ q z)+h?( q / z ) (6 25) 

£Ji (1 - q ek w M +kW M +k+i)(l - q ek w M +k/w M +k+i) 



x e 



Using the relation (|6.16l) for the variables wm+i, ■ • ■ > Wm+j— l iteratively, we have 
g -M M »(_q/2) M ( g - (Z - 1 ) M (y3 (1) (^)¥' (1) (l/2)(2 - « _1 )(-l) i_:l e^ 

M 

rfWfc fc=l 



11 -tA^fc, ttffc+i, 



fc=0 

3-1 



(-1 + u;^ +fc )e- c +( tUM + fe ^ c +( 9 A««+*) 



x 



={ ~ w M+kW M +k+i/q)(t - WM+k/qwM+k+i) 

hX 1 (qz) + hl 1 (q/z)-J2l I = 1 \h k + (qw k )+hX(q/w k ))+Y^l~J 1 (c h + (qw 
^ e - c +(9 2 "'M+j)-c^(l/m A f +j ) _ e -c 3 + {q 2 /w M +j)-c 3 + (w M +j)^j _ Q (6.26) 



fe 

x e 



10 V / 



Here we have used 

'|U)| = 1 w 

where /(to) = f(l/w). 

Now we have shown the relation (j6.11[) for every j — 1, 2, • • • , M + N + 2. 
Q.E.D. 

6.2 Boundary condition 2 

In this section we study (16.1[) for the boundary condition ( 2 )(-B|. Very explicitly we study 

z^ip^iz-^^iBl^iz) = z-T^ipM{z) {2) {B\4>*{z- x ) (l<j<L), (6.27) 
Z Ar ± iv(l_ rz ) v3 (2)( z -i) (2) ( jB |0*( z ) _ z -H^(i_ r / z ) (a) (B|0*( z -i) (L + l< j<M + N + 2). 

(6.28) 

The structure of (|6.27j) is the same as those of (|6. 1 1|) for the boundary condition m(B\. In this section 
we focus our attention on the relation (|6.28p that is new for the boundary condition n)(B\. We give 
proofs for following two conditions. 

Condition 2.1 : L < M + 1, 

Condition 2.2 : M + 2 < L < M + N + 1. 

Proposition 6.5 The actions of h l + (w), h_(w) and cP_(w) on the boundary state (2)(B\ are given as 
fallowings. 

{2) (B\e- h -^ = gf\w) {2) {B\e-V + tiM (j = 1, 2, • • • , M + N + 1), (6.29) 
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{2) {B\e h -^ = ^(w) (2) (B\e h +^ w \ (6.30) 

(2) (B\e~ c -^ =cf (w) (2) (B\e- c +^ (j = 1, 2, • • • , N + 1). (6.31) 

Here (w) are given in 

(MM) and WM - We have set cf\w) = 1 (j = 1,2,-- •, iV + 1). We have set 
gf\w) (i = l,2,. .-,M + iV+l) by 

5 ( 2 ) H = | 5 4 (1) H i (1<^L<M + JV + 1), 

where g^(w) is given by t6.15\) . The parameter ctj, is given by fallowings. 
Condition 2.1 : For 1 < L < M + 1 we have set 

a L = -L. (6.33) 

Condition 2.2 : For M + 2 < L < M + N + 2 we have set 

a L = -2M-2 + L. (6.34) 

Proposition 6.6 The following relation holds. 

dm eq e {l - ? a rai)(l - qw lW2 )e- c + (ql+ ° Wl) - c + (ql ~ e /wi) 



E 



C wi (1 - q e wiw 2 )(l - q e Wi/w 2 ) 



q{l-q + rw 2 ) — -, (6.35) 

J c wi (1 - w 1 w 2 /q)(l - wi/qw 2 ) 



where the integration contour C encircles W\ = Q^qw^ 1 not but W\ = q 1 u>2 1 . 
The inteqral f„ n Wl , V1 7 > — in RHS is invariant under w 2 — > w, 



Proof for boundary condition 2.1 We show the main theorem for the boundary condition ( 2 ){B\ 
and 1 < L < M + 1 . Here we show the relation (|6.28p . 
• The case for L + 1 < j < M + 1 : (2) (B\(j>* (z). 

Using the bosonization (|4.71l) . the relations (|6.29p . (|6.30[) . and the normal ordering in appendix [Q we 
have LHS-RHS of as following : 

z T^W (1 _ rz )^(2) (l/ z)(2) (z ) _ z - t^w (i _ r / z )<pV> (z) (2) (B\0* (l/z) 

= q^ T r J -N(q - q~ 1 y^ 1 ^ 2 \z)^ 2 \l/z){z - z _1 )e 
i-2 

j-! Y[(l-q/w k w k+1 ) ._ x 

yr [ dw k k =l K - wi)(l -rq ^i) 2 

|J_ D(Wk,Wk+i) 

fc=0 

x ( 2 )(i?|e Q ''i _ ' 11 '"~ hj '- 1 e ' l +( 92 ) + ' l + 1 ( 9 / z )~Z]fcI 1 i ( ' l +(9 t, ' fc )+' l +( <? /"'' t )). (6.36) 

Here the integration contour Cj encircles = 0, giu^,^ not but u^. = for 1 < k < j — 1. 

Taking into account of symmetrization §i w i =i ^f{w) = 5^1=1 ^r(f( w ) + f(^/ w )) an d relation (1 — 
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q/w\w 2 )(l — rq a wi) + (wi f-> w 1 1 ) = (w 1 1 — u>i)(— q/u)2){l — rq a 1 W2), we symmetrize the variables 
wx,w 2 , ■ ■ ■ ,wl-i, iteratively. Using relation (1 - q/w L w L +i) - (w L O w^ 1 ) = (-g/tWL+i)^^ 1 - Wl), 
we symmetrize the variables wl, wl+i, • ■ ■ , Wj-i, iteratively, we have 

g -^( g - g -i)3-i(- g /2)J-V (2) (^)y' (2) (l/^)(^-^' 1 )e 7rV ^- ( "" 1) 



n/ Ct'Wfc fe=1 _! 



x (2) (5| e Qh I- fc i--^-i e ' l + 1 (9 z )+ ft + 1 (9/ z )-Z)fc = i ( ' l + (9,1 ' fe)+ ' l + (9/t, ' fc)) =0. (6.37) 

Here we have used §\ w \ =1 — w )f( w ) — 0, where /(w) = f(l/w), 

• The case for j = L + 1 = M + 2 : (2) (B|0* /+2 (z). 

Using the bosonization (|4.72l) . relations (I6.29[) . (|6.30l) . (|6.3ip . and the normal orderings in appendix ICl 
we have LHS-RHS of (RT28)) as following : 

z^^ 2 \l/z){\ - rz) (2) {B\4>* M+2 {z) - z-^^ 2 \z)(l - r/z) {2) (B\^ M+2 (l/z) 
= q -T&*+\ q - q - 1 ) M ^ 2 ){ z )^ 2 \l/z){z - z~ 1 )e^ M 



M 



JJ(1- q/w k w k +i) _ 1 



y> jt- 1 f dw k k=i ' ' (w 1 1 - W!)(l - rq 1 w 1 )(l + w 2 M+1 ) 

|| D{w k ,w k +i) 

M 

"' * h i — h L ~ c i 



x Y[(l-w 2 )x {2) (B\e Q ^ 

k=2 

x e ^+(92) + ^+ 1 (9/^)-X]fc = i( h +(?™ fc )+'4('?/ u, '=)) _c +(9 1 + ' !lUM + i) _c +( , J 1_ ' ! /«'Af+i) 33^ 

Here the integration contour Cm +2 encircles Wk = 0, qwt^^ not but w k = q~ 1 w^ 1 for 1 < k < M + 1. 
Using relation (1 — rq a wi)(l — q/w\w 2 ) — (w\ f-> w^f 1 ) = (lUi — w 1 _1 )(l — rq a ^ 1 w 2 ), we symmetrize the 
variables w\,w 2 , ■ ■ ■ ,wl = i"m+i, iteratively, we have 

q-J^w+^q - q- 1 ) M {-q/2) M ^ 2 \z)^{l/z){z - z~ 1 )e^ M 



M 



dw k 



/c=i 



c M +2 27rv^Twfc 1* 

|| D(w k ,w k+1 ) 



( Wm x +1 + Wm +i) x (2) (i?|e Q ^-^--^-^ (6.39) 



x e 



^ 1 (gz)+/4 1 (g/ 2: )-^]^ =i (/4(gt 0fc )+/i^(g/t 0fc )) f e -<4 (j ! »M +1 )-c+ (l/«J M +l) _ g-c^ (u>Af+i)-c+ (q 2 /w M + l) 



Here we have used § M=1 ^(g-^M-^ (V™) _ g-<M-^(<; 2 /™)) = 0j where /(w) = f(l/w). 
• The case for M + 3 < j < M + N + 2 : (2) (z). 

Using the bosonization (|4.73l) . the relations (|6.29p . (|6.30[) . (I6.31[) . and the normal orderings in appendix 
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we have LHS-RHS of (j6~TT1) for 1 < i < N + 1. 



- rz)^ 2 \l/z) [2) (B\<p* M+1+l {z) - z-t£*(1 - r/z)^ 2 \z) {2) (B\cb* M+1+l (l/z) 
q-T^w+^q - q-^^iz^Hl/z^z - z^e^^ 

M 



- q/w k w k 

X II 



c?w fc fc=1 (w t 1 - wi)(l - rq 1 w 1 )(l + w 2 M+1 ) 

n I T AA /1 — T ^ 



fc=0 

M i-1 



na-^n 



e fc g £fc (l - gu> M +fcWM+fc+i) 



, ,_ 1 (1 - q ek w M +kW M +k+i)(l - q £k w M +k/w M +k+i) 
x (2 ^£| e Qfe ;;- fe i-- h Af+;- c i e ft + 1 (« z )+ ft + 1 (9/ 2 )-^ 

x e J2lZ^i( c +( qWM + k + 1 ) +c +( q / WM + k + 1 ^~12l = i( c +( ql+ekw (6 40) 

Here the integration contour CW+i+i encircles Wk — 0, qw^^ not but tUfc = g^u^-i for 1 < k < M + i. 
Using relation (1 — rq a w\){l — q/w\W2) ~ (wi <-> w^f 1 ) = (1 — r<7 Q_1 u>2)(u>i — wj' 1 ), we symmetrize the 
variables w\, w 2 , wl-i , iterative ly. Using relation (1 — g/w^WL+i) — (wl <-> w^ 1 ) = (-g/j«i + i)(w i 1 - 
wl) we symmetrize the variables wl, ••• , wm, iteratively. Then we have 



■^ +1 (g-g- 1 ) M (-g/2)V 2) (^ (2) (iA)(2-^" 1 )e^ w 



X 



riK- 1 -^) 2 

e ^n/~ k7 + i+— + i) (6-4i) 

|_[ D(ti; fc ,«; fc+ i) 



fc=0 



x TT e fcg ii- g w M+fc w M+fc+1 ; /_ B | e Q'»J-'» 1 --'«M +i -<= ie fc; 1 M+h; 1 (^) 

I 1 - g efc WM+feW A/+/c+ i)(l - q e k WM+k /w M +k+i) 

Using relation (|6. 16[) for variables wm+i, ■ ■ • , Wj-i, iteratively, we have 



IlK- 1 -^) 2 

fc=1 JCm + i + , -LWfc 

|| D(w k ,Wk+i) 



r (-1 + w 2 f+fe ) e -4(™M+<=)-4(9 2 /«>M+ fc ) 



fc 

x e 

X 



n (i - w M +kWM+k+ilq){t - w M +k/qw M +k+i) 

^ e -c % + (q 2 w M +i)-c % + (l/w M + i) _ e -c' + (wM + i)-c' + {q 2 /w M + i)^j _ Q (6.42) 
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Here we have used 

f ( ^_ e c i ^ 1 {qw)+c i - 1 (q/w) L-C + (q 2 w)~c i + (l/w) _ e -j + {w)-c\{q 2 /w)\ y y = 

J\w\=l W V / 

where /(w) = f(l/w). 

Now we have shown (|6.28j) for every j = L + 1, • • • , M + N + 2. 
Q.E.D. 

Proof for boundary condition 2.2 We show the main theorem for the boundary condition (2)(-B| 
and M + 2 < L < M + N + 1. Here we show (|6.28p that is new for the boundary condition (2)(B\. We 
use the integral relations (|6.16j) and (|6.35|) . 
• The case for L + 1 < j < M + N + 2 : (2) {B\4>* (z). 

Using the bosonization (|4.73l) . the relations f|6 . 29[) . (|6.30[) . (I6.3ip . and the normal orderings in appendix 
El we have LHS-RHS of (IrTTTll for 1 < i < N + 1. 

z^(l - rz)^ 2 \l/z) {2) (B\^ M+1+t (z) - z~^(l r/z)^(z) {2) {B\cf>* M+1+i (l/z) 

= q-TT^+^q _ q- l ) M ^ 2 ){z)^ 2 \l/z){z - z^e^^ 

M 

m +i , . H(l - q/w k w k+1 ) 

dw k k=1 (w 1 -wx){l-rq L wi){\ + w z M+l ) 



X 



X 



fc=0 

n l/ ,.. 2 N TT efc9 efc (l " qw M +kW M +k+i) 
(1 — U?f J 7- rr- ; r 
- q £k w M +kWM+k+i){l - q ek w M +k WM+k+i) 



x e 



X)l = l( C +( 9 ™ M + fc + 1 ) + C +( 9 /™ M + fc + 1 ^ _ Sl = l( C +( 9l + £fe "' M + fc ) + C +(' ?1 ~' k / w M + k)) 



Here the integration contour Cm+i+i encircles Wfc = 0, qw k li not but Wfc = f 'm^j for 1 < fc < M + i. 
Using relation (1 — q/wiW2)(l — rq~ a w\) — (wi 4-» w^f 1 ) = (wi — iD^f )(1 — rq~ a ~ 1 w 2 ), we symmetrize 
the variables iv\,W2, ■ ■ ■ , u>m iteratively. We have 



x 

ei 



q-TT^+^q - q- 1 ) M {-q/2) M (f {2) (z)(fi^(l/z)(z - z-^e^^Tr 

M 

M+i , . IlK 1 -^) 2 . -1 M U1 _ M -1 \ 

dw/c fe=i (%+i +wa/+i)(1 -rg ^m+i) 



,5 ^ 2, x — a ^ (1-rg 2 



n 



! { D(w k ,w k+ i) 

fc=0 

£feg efc (l - qWM+kWM+k+l) 



k=0 

i-1 

X 



A (1 - (f<=w M+/£ w M+fe+1 )(l - g e feWM+fe/wM+fc+i) 
Sl=i( c +( 9 ™ M + fc + 1 ) +c +( 9 / WM + fc + 1 )) _ Sl = i( c +( 9l+efc ™ M +' t ) +c +( 91 _efc /«'Af+k)) 44) 



x 
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We use the relation (|6.35|) for the variables wm+i, ■ ■ ■ iteratively. We use the relation (|6. 16[) for 

the variables Wl, ■ • ■ , WM+i-i iteratively. Then we have 



x 



q -T^+\ q - q -y l (- q /2) M q L - M - 1 v {2 \z)v {2 Hl/z)(z- z-^e^ir- 

M 

A n «-»*) a 

n/ dw k k=1 / — x i \ 

ic W=T^ K /+1 +-M + l) 

fe=1 JC M +i+i ^"V J-^fc „ 

] _[ D(Wk,Wk+ij 

f31 <£|e Qh J- hi -- h *+<- e ' TT - i + WM+fcje ! 

if; (2 -WM+k/qwu+k+i)0- - wu+ktVM+k+i/q) 



x e 



fc=i 



x ^ e -c^( ? 2 u)Af + i)-c^(l/io M+ i) _ e -c' + (wM +i )-c\(q 2 /w M + i)^j _ Q (6.45) 

Here we have used 

^ e c+ _1 (g«))+c! | r 1 («/'u)) / e -c!!_(<; 2 «;)-c^(l/u)) _ e -c\(w)~c\(q 2 /w)\ j ^\ 



= o, 



where /(w) = f(l/w). 
Q.E.D. 

Now we have shown (|6.28[) for every j = L + 1, • • • , M + JV + 2. 
6.3 Boundary condition 3 

In this section we study (I6.1[) for the boundary condition ^(B\. Very explicitly we study 

z^tp^iz-^^B^iz) = z-^i P ^(z) (3) (B\ ( f>*(z- 1 ) (1<J<L), (6.46) 
z^^-rz^Xz-^^B^z) = z-^(l-r/z)ip^(z) {3) (B\ ( p*(z- 1 ) [L + 1 < j < L + K), 

(6.47) 

z m^+V(3)( z -i )(3)(jB |^( z ) = ^A-i^^p^fll^^-i) (L + tf + l<j<M + JV + 2). 

(6.48) 

The structures of (|6.46p and (|6.47[) are the same as those of (16.27)) and (|6.28[) for the boundary condition 

( 2 ) (B\. In this section we focus our attention on the relation (|6.48l) that is new for the boundary condition 

(3) (B\. We give proofs for following three conditions. 

Condition 3.1 : L + K < M + 1, 
Condition 3.2 : L<M + l<L + K-l, 
Condition 3.3 : M + 2 < L. 

Proposition 6.7 The actions ofh\(w), h_(w) and cP_(w) on the boundary state (3)(B\ are given as 
fallowings. 

i3) (B\e- h -^ = gf\w) m {B\e- h +^ (i = 1, 2, • • • , M + N + 1), (6.49) 
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(3) (B\e h -^ = ^(w) {3) (B\e h +^ w \ (6.50) 
(3) (B\e- c -^ =cf\w) (3) (B\e- c3 + ^ (j = 1, 2, • • • , N + 1). (6.51) 



Here tp {3) (w) are given in WJS\) . WJB\) and (EFfy . We have set cf ] (w) = 1 {j = 1, 2, • • • , N + 1). We 
have set 5l (3) (w) (i = 1, 2, • • • , M + N + 1) fey 

{g^H (1 < * 7^ L,L + K < M + N + 1), 

(l-rg^j giV) ( l = L )> (6.52) 

(l- q <xl+K w / r } 9Ll K {w) (i = L + K), 

where g^iw) is given by \6.15)) . The parameters (oll, cil+k) are given by fallowings. 
Condition 3.1 : For L + K < M + 1 we have set 

(a L ,a L+K ) = (-L,L-K). (6.53) 

Condition 3.2 : For L<M + 1<L + K— 1 we have set 

(a L ,a L+K ) = {-L, 3L + K-2M- 2), (6.54) 

Condition 3.3 : For M + 2 < L we have set 

(a L ,a L+K ) = {L- 2M -2,2M + K-L + 2). (6.55) 

Proposition 6.8 We have the following two relations. 

. dw\ eq e wi(l — qwiw 2 )e~ c +^ q Wl ^ c +^ / Wl ^ 
-^Jc w i {1 - rq a wx)(l - q e wiw 2 )(l - q e wi/w 2 ) 

„_i,, - a+ i ,sfdwi (-l + ^-^O-c^/^) 

= — rq (l — q ^ w 2 r) j j\- — — — 

In W-] (1 — WlWo n)(l — Wl aw? (1 — ra a wi ) 1 



E 



(6.56) 



q wi (1 — wiW2/q)(l — wi/qw 2 )(l — rq a W\)(l — rq a /wi) 



f dm eq e Wl (l - q Wl W2)e- c ^ {ql+ ' wl) - c3 + {ql ^ /wi) 
fr*±JC w i (1 - q e wiw 2 )(l - q t wi/w 2 ) 



= W2 / 7- r^-r; -, r~. (6.57) 



dwi (-1 + wpe-^^-^i 2 /^ 
l c wi (1 - wiw 2 /q)(l - wi/qw 2 ) 

Here the integration contour C encircles w\ = Q^qw^ 1 not but w\ = q~ 1 w 2 tl ■ Here the integrals 
f ±£l (-i+w^e + + , r dwi (-l+w^e + + . R ttc invariant 

under w 2 — > w^ 1 ■ 



Proof for boundary condition 3.1 We show the main theorem for the boundary condition (3)(-B| 
and L + K < M + 1. Here we show the relation (jQ8l) . 
• The case for 1 < L + K + 1 < j < M + 1 : (3) {B\cj)*{z). 

Using the bosonization (|4.71[) . the relations (|6.49[) . f|6.50[) . f)6.51[) . and the normal orderings in appendix 
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we have LHS-RHS of (|6~48l) as following : 

n(i-9M^ + i) n^-^) 

k =i k=i 



X 



n 



,_, ., Wi 2i:^/^lw k J" 2 (1 - q- L rw L )(q L - K w L+K /r) 



fc=0 



x (3) (s| e g n-^i---S-i e ft + (<J2:)+ ' l + (9/2:) ~Sfc=i ( ' 1 + ( ' ?,i '' t:)+ ' l + ( « /tUfc)) . (6.58) 

Here the integration contour Cj encircles Wk — 0,qw^\ not but w k = q^ 1 w^ 1 for 1 < k < j. Tak- 
ing into account of symmetrization § ^f(w) = \§{f[w) + f(l/w)) and relation u>i(l — q/wxWz) — 
[wi O w^ 1 ) = (»! — w'r 1 )' we symmetrize the variables Wi, W2, • • • , ^l-i iteratively. Using relation 
W %- q J q W ^) l) ~ (w L ^ wl 1 ) = { ™lIrq-LwL)lLr q -L™wl) ' we symmetrize the variable w L . Using rela- 
tion (l-rq a /w L+1 )w L+ i(l-q/w L+ iw L+2 )-(w L+ i f> w^J = (wL + i-w^ 1 )(l-rq a+1 /w L+2 ), we sym- 
metrize the variable Wl+i, wl+k-1 iteratively. Using relation (1 — q/wL+K+iWL+K+2) — (wl+k+i 
w l+k+i) = {—Q/ w L+K+2)(w^ +K+1 - wl+k+i), we symmetrize the variables wl+k+\, • • • ,Wj-2 itera- 
tively. Then we have 

q-^+^ 2L - 3 (-l/2) j - 2 ^(z)<p^(l/z)(z- z-^e^-^-^ 
dw k k =i (w^-Wj-x) 



X 

k 



-[J /g, 2nV^lw k (1 - q- L rw L )(q- L r/w L ) 

II Z?(iy fe ,iy fe+ i) 



fe=0 

^i- 1 l%.h , 



x (3) (5| e Qfe t- h i--^-i e ft +(9 z )+' l +(9/ 2: )-I]Li(' l +(« t, ' fc ) + ' l +( <? / ,i '' t ^ =0. (6.59) 

Here we have used §\ w \ =1 ^-( w — w~ 1 )f(w) = 0, where f(w) = f(l/w). 
• The case for 1 < i < N + 1 : {3) (B\(f>* M+1+l (z). 

Using the bosonization (|4.73|) . the relations f|6.49[) . f|6 . 50[) . (|6.51|) . and normal orderings in appendix [Cl 
we have LHS-RHS of ([OS]) as following : 

2!^+V (8) (l/«)(3)<B|0M + l+i(*) - Z-^-V 3) (2)(3)<B|<W +i (l/2) 

= q-^w- 1 {q-q- 1 ) M ^\z)^{l/z){z-z- 1 )e^ M 



M 

- q/w k w k +i) 

ei,-,e 4 =± fc=l • y C A f + i +1 Z7 W -LWfc 7 r ^ ^ fe=1 

fc=0 



Af+i „ , ll v re M 



n ^( wfe 



(l+^M+i) TT e fc g £fc (l - qwj\/+fcWM+A;+i) 



(1 - L w L )(l - q L K w L+K /r) (1 - q tk w M +kW M +k+i){^ - q tk w M+k /w M +k+i) 

M + i, k 
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X ^\2 1 ( c X(^ w M + k)+c k + (q/w M + k ))-Y^ k=l ( c +(<l 1+lkw M+k)+c k + {q 1 e *>/WM+h)) (6 60) 

Here the integration contour Cm+i+% encircles Wk = 0, QW^-, not but u>k = q~ ^ w k-i f° r ^ < k < 
M + i. Using relation Wi(l — q/w\W2) — (»i <-> w^ 1 ) = (wx ~ w^ 1 ), we symmetrize the variables 
w u w 2 , ■ ■ iteratively. Using relation m %Z^tZ^ K ^> O - ^^^^U^A^^ 

we symmetrize the variable wl. Using relation (1 — rq s /u>l+i)u>l+i(1 — q/iVL+iWL+2) — (wl+i <H> 
Wl +1 ) = (wl + i — ti>£, 1 )(1 — rq s+1 /i«i + 2), we symmetrize the variable wl+i, • • • iteratively. 
Using relation (1 - g/wL+A'+iu>L+i?+2) - (w l +k+i w l+k+i) = (~<7/ w £+-K+2)( w L+if+i _ wl+k+i), 
we symmetrize the variables wl+k+i, ■ • • , wm-i iteratively. Then we have 

_--n* £ rr-Af-2i-2/'„ „-l\Af/- 1 /0 \A/. „(3) /_ \,_(3l ft „-1\„4^5a/ 



! (g - g- 1 ) M (-l/2) M ^ (3 )( i 2)v? (3) (l/2)(2 - z-^e^^ 

M 



tt / fc=1 ( w ai+i +w M+1 ) 

Sl ,.^=± £l fc=i ^„ +1+4 27rV=T^ fc £ (1 - r r %i)(l - rg-^/^) 



fe=0 

e fc q £fc (1 - gwM+fcWM+fc+i) 

k Ji (1 - g £fc WM+fcWM+fc+i)(l - q th WM+k/w M +k+l) 



n 



X ^ 3 ^^| e Qfc t- h i-- h M+i-=i e ' 1 + 1 (9 2 )+ ft +(9/ z )-Z]fc = i , ^+(' 3t, ' fc ) + ' l +( 9 / ,1 ' fc )) 

x e Slll( c +( 9 ™ M + fc )+ c +( 9 /™ M + fc) )~X)Li^ (6 61) 



Using the relation (|6.16l) for the variables wm+i, ■ ■ ■ , WM+i-i, iteratively, we have 



q~i^+ M -^-\ q - q -^) M (-l/2) M -\^{z)^ 3 \l/z){z-z- l )e^ 



M 
M 



M+r , IIK 1 -^) 



n 



dw fc fe=l O^Af+l + ™M+l) 



jti ^c„ +1+ , 27TA/=T«;fc ^ (1 - r g - L w L )(l - q^~^WL+K /f) 

[[D(wk,Wk+i) 

k=0 

Qh*-h 1 —-h M+i -e i '4 1 (9z)+^+ 1 (g/z)-^^ l (^+(?™* ; )+^+(g/iufc))+^^ = 1 1 (c^(<}«iM+fc)+c+(g/toM+fc)) 



(3)(B|e 
i-l 

JJ(-1 + w 2 f+fe)e -4(^ f + fc )-4(9 2 /-M + fc ) 



fc=l 



(1 - q e >"WM+kWM+k+i){l - q tk WM+k/w M +k+i) 



x ( e -cX( q 2 w M+l )-cX( q / WM+i )-e-^M+^-^ /«*+*) 1 = Q 



Here we have used f |=1 ^e c + ^H^. 1 (i/»)( e -c;(? 2 »)-c;(i/») _ e -c*_(«,)-c* + (g 2 /«'))/( U ;) = 0, where 



Q.E.D. 



Proof for boundary condition 3.2 We show the main theorem for the boundary condition (3)(-B| 
and L<M+1<L + K — 1. Here we show the relation (|6.48l) . 
• The case for L + K - M < i < N + 1 : (3)(B\(f>* M+1+i (z). 
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Using the bosonization (|4.73l) . the relations (|6.49|) , (|6.50l) . (|6 . 5 1 1) . and normal orderings in appendix [Cl 
we have LHS-RHS of (jfT3g)) as following : 



z— +1 ^ 3) (l/z) {3) (B\r M+1+l (z) - z—- l ^\z) (S) {B\4>* M+1+l {l/z) 

s — a i e - " 

M 

JJ(1 - q/w k w k+1 ) 



q - — -\ q _ q- 1 ) M Lp^){z)ip^{l/z){z - z-^e^' 



X 



M+i , ii v Hl K ^ L > M 

e - ii / ^=-^, nd--4) 



ei,... jet =± fe= i ^m + i +1 W-lWfc 



J| D(w k ,w k+1 ) 



k=0 



(1 + j-j £fcg £fc (l - qWM+kWM+k+l) 



(1 - rq- L w L )(l - q 3L+K - 2M+K - 2 w L+K /r) £1 (1 - g^tUjif+fclOAf+A+lX 1 - q Ck w M +k / u'M+k+l) 

x e X)Lli( c +(9™M+O+ c +(9^M+«0)-S* =1 (^^^ (6.63) 

Here the integration contour Cm+i-h encircles = 0, qw k \ not but = g _1 tu^; 1 for 1 < fc < M + i. 
Using relation wi(l — g/wiW2) — (u'i O w^f 1 ) = (w\ — mjf ), we symmetrize the variables Wi, w%, ■■■ , lOi— i, 
iteratively. Using relation ^^^r^j^ ~ (w L 4-> w^ 1 ) = ^zf^^jffz^U^^ , we symmetrize 
the variables wl. Using relation — r<j~ Q /u>L+i)(l — q/u'L+iWL+2) — {wl+\ w l+i) = ~ 

— r Q~ a+1 / w L+2), we symmetrize the variables u>l+i, • • • ,wm, iteratively. Then we have 



g -^w-i(_l/2) M ( 9 - q- l ) M ^\z)^\lJz){z - z~ 1 )e^ M 

M 

M+i 



iik 1 -^ 2 



.^=± £i M ->c„ +1+i 2^v^T Wfc " (1 - rq- L w L )(l ~ rq-^/w L ) 

|| D(w fc , w k+ i) 



fc=0 

,,2 \ »— 1 



(1 + w M+1 ) j-j- ffcg'H 1 - qu-'M+kWM+k+i) 



(1 - q3L+K 2M 2 WL+K / r ) ii (1 _ q£k WM+kWM+k+1 )(\ - q^WM+k/wM+k+l) 



X ^ 3 j^| e Qfe J- h i-- h Af + i-=i e '4 1 (9 z )+^+ 1 (9/ z )-Z]fcit , ^+^ , " fc ) + ' l +^/ I " fc ^ 

X e Sl=i( c +( 9 ™ M + fc ) +c +( 9 / WM + fc ^ _ Sl = i( c +( 9l + £fclUA/ + fc )+ c +(' ?1 ~* k / w M+k)) (a q^j 

Using the relation (|6.35p . we symmetrize the variables wm+i, ■ ■ • , wl+k-i iteratively. Using the relation 
(|6. 16|) . we symmetrize the variables wl+k, ■ • ■ >WM+i iteratively. Then we have 

{-r)q-^ +K - L -\-l/2) M {q - q~ x ) M ip<® {z)<pQ\\/ z){z - z~ l )e^ M 

M 

dw k k= i (w M+1 +w M +i) 



X 
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[]_ D(w k ,w k+1 ) 

k=0 
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k=l ~ WM+fcW M +fe+l/g)(l - WM+fe/qWM+fe+l) 

X 



(^ e -c\(q 2 WM + i)-c\(l/w M + i) _ e -C I + (tUM + i )-C^(r} 2 /tO M + i)~j _ Q (6.65) 

Here we have used 

^L^+^q^+c'-^q/w) ^ e -c' + (q 2 w)-c\(l/w) _ R -c\ (w)-c\ (q 2 /w) ^ 



= 0, 



where f(w) = f(l/w). 
Q.E.D. 

Proof for boundary condition 3.3 We show the main theorem for the boundary condition (3)(-B| 
and 1<M + 1<L — 1. Here we show the relation (I6.48|) . 
• The case for L + K - M < i < N + 1 : (S)(B\4>* M+1+i (z). 

Using the bosonization (|4.73|) and the relations (|6.49p , (|6.50p , (I6.5ip , and normal orderings in appendix 
O we have LHS-RHS of (jOSl) as following : 

^^ + V (3) (l/^)(3)(B|^ + i+iW-^"^"V (3) W(3)(B|^+i +i (l/2) 

1 M 

. — 6 j& ™ 

M 

J\(l ~ q/wkWk+i) 



X 



M+i „ , ir 11 * m 

£ e -n/ g sfe^ nd-4) 

ei,-,£i=± fe=l Jc «+i+- Z7FV iWfe -r-r „, , fc=i 



k=0 



(l + wff+i) j-j- e fe <j £fe (l — qWM+kWM+k+l) 



(1 - rg L 2M 2 w L )(l - q 2M + K L+2 w L+K /r) (1 - g £ feUj M+fe u;M+fe+i)(l - « e '^+i/%/+i;+i) 

x e XTfc=i( c +( 9 ™ M + fe ) +c +( 9 /™ M + fc )R^ (6 66) 

Here the integration contour CW+i+j encircles Wk = 0, qw^\ not but ID& = g -1 ™^ for 1 < k < Af + i. 
Using relation u>i(l — q/w\W2) — (w\ «-> tu^f ) = (w\ — w^ 1 ), we symmetrize the variables w\, IU2, • • • , 
iteratively. We have 



g-^- 1 (?- ? - 1 ) M (-l/2) A V 3, (4 (3) (l/^)(^^ 1 )^ M 



X 



I I '■• ■ I 

OWt fc=l ( W M+1 + w M+lJ 

^=± " ii ^M +1+i 27rV=l«* £ (1 - r^-2M-2 WL)(1 _ g2«+Jf-i+ 2l£;2 . +K/r ) 

A;=0 



(1 - q ek w M +kW M +k+i)(l ~ q ek WM+k/w M +k+i) 

(6.67) 
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We use the relation (|6.57[) for the variables u>m+i, • • • , wi-i, iteratively. We use the relation (|6.57l) for 
the variable wl- Using the relation (|6.35p . we symmetrize the variables wl+i, ■ • • , wl+k-u iteratively. 
Using the relation (|6.16|) . we symmetrize the variables wl + k, • • • , wm+i-i, iteratively. Then we have 



(- r ) q -T^w+K+L-2M-5^ q _ g -i)M(_i/2) V 3) («)V (3) (1A)(« ~ z~ 1 )e^w M 

M 

dw k k =i (w M+1 +w M +i) 



n 



" i Jc M+1+i 2n^lw k ™ (1 - rq^M-2 WL){l _ rq L-2M-2 /w ^ 



fe=1 -^M+l+i — V K -pj- 

fc=0 

X ^^| e Qfc t- h i---- fe A/ + ;- c i e k+ 1 (9 z )+^+ 1 (9/ z )~S^ 

TT + w 2 M+k )e~ c X^ +k )-cX(, 2 /^M +k ) 

X 



fc=l 

X 



n (1 - WM+kWM+k+i/q)(l - qw M +k/w M +k+i) 

(^ e - c \{l 2w M + i)-c\{l/ WM + i) _ e ~c' + (wM + i)-c\{q 2 /wM + i)^j _ Q (6.68) 



^L e ^ + l (8*0+c+ '(g/tu) / e -c! h (g 2 w)-c! h (l/M;) _ e -c' + (w)~c\(q 2 /w)\ j , \ = q 
= 1 W V ' 



Here we have used 
dw 

l\w\-- 

where f(w) = f(l/w). 
Q.E.D. 

Now we have shown (j6~I5|) for every j = L + K + 1, ■ ■ ■ , M + N + 2. 
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A Figure 

In this appendix we summarize the figures that we use in the section [21 



3i 



\n,j2 _ 







n>2 — 




Z 


J2. 



fcl 

Fig.l. i?-matrix 
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z- 1 

Fig.3. Transfer matrix T f B m {z) 



2 1 




Fig. 5. Vertex operator $j(z) 
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2 1 



Fig. 6. dual Vertex operator ^j(z) 



B A'- matrix 



In this appendix, we classify diagonal solutions of the boundary Yang-Baxter equation associated with 
U q (sl(M + 1\N + 1)). Let us set the vector space V = (3j^J[ N+2 Cvj. Let us consider the i?-matrix 
R(z) G End(V <Z> V) introduced in (|2~3]) . (|2~4|) . (f275]) and (f2T6]) . Non-zero elements of the i?-matrix are 
restricted to the followings. 



fl(*)$^0, %)|^0, (1 <*,j <M + JV + 2). 
Let us study the if-matrix K(z) G End(F) defined as followings. 

Af+N+2 

Jf (z) G End(V), = 



fc=i 



where we assume the diagonal matrix. 



The graded boundary Yang-Baxter equation 

^2(^2)-R21 (ziZ 2 )Kl(zi)Rl2 (Zl/z 2 ) = R2l(zi/z 2 )Ki(zi)Ri2(z 1 Z2)K2(z2), 

is equivalent to the following two relations for 1 < j < k < M + N + 2. 

R{z x /z 2 )f k (R(z 1 z 2 y k k J K(z 1 ) k k K(z 2 ) k k - R{ ZlZ 2) k 3 iK{ Zl )]K{ Z 2)]) 
+ RizxztfA (R(zJz2) k iK(z 2 ) k k K(z i y j - R( Zl / ' ^K^K^ = 0. 



(B.l) 



(B.2) 



(B.3) 



(B.4) 



(B. 



(B.6) 

The first condition (|B.5[) holds for (j2~4l) . JO), (|2~6)) . The second condition (|B.6[) is written as following. 



1-^ 

z 2 



z\ Z2 



K{ Zl )i K{ Z2 y 3 \ jK( zl y Zl K( Z2 y; 

• 1 + (1 - ziz 2 ) 1 



0. 



(B.7) 



K{ Zl ) k k K( Z2 ) k k ) LZJ \K( Zl ) k z 2 K{z 2 ) k k/ 

Differentiating partially (|B.7|) . at (21,22) = (2, 1), with respect to Z2, we have the following necessary 
condition. 



K{z)] 
K(z) k 



1- @z 

1-/3/* 



08 GC) 



(B. 
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This satisfies (|B.7[) for all j3 € C. Taking into account of simultaneous compatibility for 1 < j < k < 
M + N + 2, we have the following three kinds of general diagonal solutions of the boundary Yang-Baxter 
equation associated with U q (sl(M + 1\N + 1)). 



CASE 1 : One diagonal element. Dirichlet boundary condition. 

CASE 2 : Two different diagonal elements. We assume 1<L<M+N+1 and reC. 

1 (1< j = *<£), 

j _ ,.. (L + l<j = k<M + N + 2), 



(B.9) 



K{z){=\ 



(B.10) 

(1 < j ^ k < M + N + 2). 

CASE 3 : Three different diagonal elements. We assume 1 < L, 1<K,L + K<M + N+1 and reC. 

1 (1 < j = k < L), 

(B.ll) 



1 — r j z 
1 — rz 

z- 2 (L + K+l < j = k<M + N + 2), 



{L+ 1 < j = k < L + K), 







(1 < j ^ k < M + N + 2). 

Note. In the earlier studies \1Q[ \TT$, Case I and Case II have been studied. However Case III is missing in 
the earlier studies \1(A \llf . For instance, we have new solution for U q (sl(2\l)), which has three different 
diagonal elements. 

( 1 \ 



v-2 



K(z) = 





V o 





1 — r I z 
1 — rz 




(B.12) 
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C Normal Ordering 



In this appendix we summarize the normal orderings. 


The following 


normal orderings are convenient to 


calculations in a proof of main theorem. 










e h+ 1 (z) e -h 1 _(w) = 




1 




(C.l) 


(1 


— qw/z) ' 








1 




(C.2) 


(1 


— qz/w) 




e hf(z) e -ht(w) = 


1 : 


(2 < j < M 


+ N+1), 


(C.3) 




1 : 


(2 < j < M 


+ N + 1), 


(C.4) 


e -h 3 + (wi) e -hl +1 (w 2 ) = 




1 


(i<i<M), 


(C.5) 


(1 


— qw2/wi) 


e -hl +1 (wt) e -hUw 2 ) = 




1 


(i<i<M), 


(C.6) 


(1 


- qw 2 /wi) 


e -n + TJ (wi) e -/j_ T;T (w 2 ) _ 


(1 


- qw 2 /w 1 ) :: 


(1< 3<M), 


(C.7) 


u M+j + l, \ ,M+j/ \ 

e ~ h + {wi) e -h_^ J (w 2 ) _ 


(1 


- qw 2 /wi) :: 


(1 < j < N). 


(C.8) 
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The following normal orderings are convenient to get the integral representations of the vertex operators. 

fi(z)Xi(qw) = e^ — L_ — ::, (C.9) 

qz(l — qw/z) 



Xiiqw^Kz) = -e^r- 1 ::, (CIO) 

— gz/w) 

«(^W = 1:: (2<j<M), (C.ll) 

X-H^(z) = 1:: (2<j<M), (C.12) 

= -1» (c = ±), (C13) 

^m + i»^(^) = 1» (e = ±). (C14) 

irf^ij^^m) = — (1 < j < M), (C.15) 

J J ^ qwi(l — qiV2 / Wi) 

Xr ( qWl )X-(qw 2 ) = ~* :: (1 < j < M), (C.16) 

J 7 gwi(l — qw2/w\) 

Xr( qWl )X-(qw 2 ) = 1:: (|j - k\ > 2), (C.17) 

WK)*m + ; +1 > 2 ) - ^ (C = ±) ' (CJ8) 

^M+i +J , + K)^M+,,eK) = 1:: (e = ±), (C.19) 
X M+J ._( Wl )X M+j+1 Jw 2 ) = q:: (e = ±), (C.20) 

X- M+j+ ^)X- M+ . e { W2 ) = l~_Z!/qwl (e = ±) ' (C ' 21) 
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